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Abstract
In this paper we establish a new case of Langlands functoriality. More precisely, we prove that
the tensor product of the compatible system of Galois representations attached to a level-1 clas-
sical modular form and the compatible system attached to an n-dimensional RACP automorphic
representation of GLn of the adeles of Q is automorphic, for any positive integer n, under some
natural hypotheses (namely regularity and irreducibility).
1 Introduction
The main goal in this paper is to prove a new case of Langlands functoriality, namely we will establish,
under some conditions, the automorphy of the tensor product of a classical modular form and an n-
dimensional automorphic representation, for every positive integer n. Previous results in this direction
include the case of n = 2, solved by Ramakrishnan [Ram00], the case of n = 3 by Kim and Shahidi
[KS02], and the automorphy of the m-fold tensor product of classical modular forms by Dieulefait
[Die12a].
The case of functoriality we address stands as one of the most fundamental conjectures comprising
the so-called Langlands functoriality, together with other questions such as automorphy of symmetric
powers or base change. Moreover, a relation between this case of functoriality and the automorphy of
symmetric powers has been established in [CT14], and so, even if the cases that we solve may not be
general enough to get any conclusion in this direction, further work along the lines we propose may
allow to complete the program in [CT14].
A drawback of our result is that we require the classical modular form to be of level one. We are
currently working on a generalisation for any classical modular form of odd level, but there is still
one obstacle that prevents us from completing the proof, namely at some steps we need to apply an
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automorphy lifting theorem in characteristic 2 and arbitrary dimension (for the minimal case). Such
a theorem has been recently proved by Thorne (Thm. 1.1 in [Tho17]), but it includes a technical
condition (condition (v)) that makes it unfitted for our application.
The main reference that we will follow through this paper is [BLGGT14]. In particular, we will
work with automorphic representations over totally real or CM fields that are RACP (regular algebraic
cuspidal polarised) in the sense of Section 2.1 of [BLGGT14] and the strongly compatible systems
attached to them (see thm. 2.1.1 of [BLGGT14]). Such Galois representations are RATOP (regular
algebraic totally odd polarised) in the sense of Section 2.1 of loc. cit. We say, as in Section 5 of loc.
cit., that a compatible system of Galois representations is irreducible if there exists a density one set L
of rational primes such that, for every prime in the field of coefficients of the system dividing a prime
in L, the corresponding Galois representation is irreducible. We refer the reader to [BLGGT14] for
all the relevant definitions. Given two compatible systems of Galois representations of the absolute
Galois group of a number field F , sayR• and S• we denote by (R⊗S)• the compatible system indexed
by the primes λ of the compositum of the fields of definition of R and S, obtained by (R ⊗ S)λ =
Rλ ⊗ Sλ.
The main tools that we will take from [BLGGT14] are the following: two automorphy lifting the-
orems (in what follows, abbreviated to ALT), one for the ordinary case and the other for the potentially
diagonalisable case (Section 2 and 4 respectively) and the result on changing the level and weight of
an automorphic representation (Section 4). This last result will be applied, in particular, to different
kind of level raisings, which in turn play a key role in order to ensure largeness of the residual images.
We state the main result of this paper:
Theorem 1.1. Let f ∈ Sk(1) be a cuspidal modular form and let ρ•(f) be the attached compatible
system of Galois representations. Let π be a RACP automorphic representation of GLn(AQ), where
n is a positive integer, and let r•(π) be the attached compatible system of Galois representations. We
assume that (ρ(f)⊗ r(π))• is a regular and irreducible compatible system. Then the system (ρ(f)⊗
r(π))• is automorphic, i.e. there exists a RACP automorphic representation f ⊗π of GL2n(AQ) such
that the compatible system attached to f ⊗ π is isomorphic to (ρ(f)⊗ r(π))•.
The notation f ⊗ π is justified, because due to known compatibilities of the compatible systems
considered with the Local Langlands correspondence, the L-function of this automorphic form agrees
with the product of the L-functions corresponding to f and π.
Remark 1.2. The irreducibility assumption for the tensor product is expected to hold in many cases.
For example it is easy to see, using Ribet’s large image result for classical modular forms, that if
n > 2 and the residual images of the system r•(π) contain Spn(Fℓ) or Ω±n (Fℓ) for a density one
set of primes then the compatible system (ρ(f) ⊗ r(π))• is irreducible. This happens in particular
in the case n = 4, provided that π is a lift of a “genuine" genus 2 Siegel modular form, thanks to
Theorem 3.1 in [DZ16]. Moreover, it is expected that a similar result should hold for higher values of
n, provided that the automorphic form is “genuine", meaning that it does not come via lifting from a
smaller reductive group, other than the symplectic or the orthogonal. Thus, as long as we restrict to
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“genuine" self-dual automorphic forms, the irreducibility condition should always hold.
Just to give an example, if ∆ denotes the cuspform of level 1 and weight 12 and g denotes the genus
2 Siegel cuspform of level 1 and weight 20, it is easy now to check all the required conditions to
conclude that the theorem applies and the automorphic form ∆⊗ g is well-defined.
Remark 1.3. For some applications, such as the program proposed in [CT14], it is enough to prove
residual automorphy of a tensor product such as the one considered in the theorem, modulo a suitable
prime p. It is worth remarking that in this situation, the regularity assumption can be removed: in
fact, if it is not satisfied by the given pair (f, π) one can replace f by another cuspform f ′ with the
same mod p Galois representation and sufficiently large weight (using, for example, the method of
changing the weight in Section 3) so that the tensor product for the pair (f ′, π) is regular. Then, if the
rest of the conditions are satisfied, the theorem can be applied to establish automorphy of the second
pair, thus residual automorphy (modulo p) of the given one.
Together with the results from [BLGGT14] that we already mentioned, let us briefly list some
tools that we will use in our proof. We will make an essential use of the so-called Harris trick (see
[BLGHT11] and [BLGGT14]) both to reduce to the case of even dimension n and to deduce auto-
morphy of the tensor product in the case of a CM classical modular form. We will also use the safe
chain of congruences linking a classical level one modular forms to a CM one, obtained in [Die] (in-
cluding the Corrigenda to this paper, where some Steps of the chain are changed) and [Die12a], and
also some variants of the ALT in [Die12a], which are specifically designed for tensor products. In
the process of changing the weight of the automorphic representation, a result on existence of weight
zero lifts (which is the main result of [GHLS17]) will be essential. Furthermore, we need several
results on adequacy to be applied to the residual images, including the case p|n, which are proved in
[GHT17]. These results enable a generalisation of some (not all) ALT to the case p|n. Last but not
least, we will need two results that allow us to guarantee large images of the residual representations
in dimension n under suitable ramification conditions in the compatible system, one of them is proved
in [KLS08] and the other one is a result of Guralnick, whose proof we include due to the lack of a
suitable reference.
The general idea of the proof of Theorem 1.1 is to build a chain of congruences connecting the
given tensor product of compatible systems to another tensor product such that the 2-dimensional
component is CM. For this last case, automorphy of the tensor product follows (as in Harris trick)
by applications of base change. We will call this tensor product the seed, because automorphy of
any of the tensor products considered is eventually reduced to the automorphy of this one. In each
of these congruences, either one or both of the two components in the tensor product is changed in
order to manipulate its level, weight, or both. The main technical difficulty lies on the fact that at each
of these congruences we want to apply a suitable ALT “from right to left", in other words, we want
to propagate automorphy from the last element in the chain to the first one to obtain our goal. This
requires, in particular, keeping track of local conditions at both sides of the congruence, making sure
that all tensor products considered are regular, and ensuring that the residual images are sufficiently
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large. We follow the 2-dimensional safe chain referred above whenever possible, but at some steps
we will need to intersperse moves in the n-dimensional component in order that some ALT can be
applied.
We now proceed to give a brief description of the organization of the paper. In Section 2 we collect
the results from group theory that we will need. Most of what is contained in the section, including
Subsection 2.2, has been proved by Guralnick. In Section 3 we collect the ALT that we will use
later on, and some results on changing the weights and level. In Section 4 we recall step by step the
safe chain from [Die] and its Corrigenda and [Die12a], pointing out the relevant information for our
construction. In Section 5 we begin the proof of Theorem 1.1 with three very technical preliminary
steps, in which the n-dimensional component is manipulated. Observe that from the beginning we
are required to base change to a suitable solvable CM field F and the automorphic n-dimensional
representations that will appear in the safe chain from this point on are only defined over F . This is
harmless for our purposes because of solvable base change (which is used in both directions). Finally,
Section 6 explains how the series of congruences that safely link to the seed is constructed.
Acknowledgements: We want to thank Robert Guralnick and Toby Gee for contributing to this
project in essential ways. Among other things, R.G. proved most of what is included in section 2, and
also some of his recent papers on adequacy written with several collaborators arose in part from our
conversations on what was needed for this paper. Similarly, the paper by T.G. and collaborators on
existence of weight 0 lifts arose from his interest in this project. We also thank Florian Herzig for a
careful reading and several comments on some parts of the paper. We thank the anonymous referee
for his suggestion on the exposition of Section 4.
2 Some Group Theory
In this section we collect some tools from group theory that will be applied to ensure that the residual
image of certain representations is large, allowing us to apply ALT and weight and level change.
In the first subsection we include a theorem, communicated to us by Guralnick, and we recall the
notion of (n, p)-group of Khare, Larsen and Savin and the Main Theorem of section 2 of their paper
[KLS08]. Next, in Subsection 2.2 we introduce the notion of adequate+ subgroups, and include
several properties. The contents of this subsection are due to Guralnick.
2.1 Subgroups containing an almost simple group
The following theorem and its proof have been communicated to us by R. Guralnick.
Theorem 2.1 (Guralnick). Let k be an algebraically closed field of characteristic p, and let G be a
finite (or Zariski closed) subgroup of GLn(k). Assume that p > n + 2 and assume that G contains
no non-trivial normal subgroup consisting of unipotent elements. If G contains unipotent elements of
every possible Jordan form, then G contains SLn(Fp) or SUn(Fp).
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Proof. We give the proof for the case that G is finite (if G is positive dimensional, the same proof
applies). Call V the space on which GLn(k) acts, and let H ⊂ G be the subgroup of G generated by
its unipotent elements. We assume without loss of generality that G = H . The fact that G contains
a unipotent element with a single Jordan block of size n implies that G is irreducible. By [Gur99,
Theorem A], G acts completely reducibly on V .
It also follows from [Gur99, Theorem B] that either G is a central product of quasi-simple finite
groups of Lie type or G is the sporadic simple group J1 and p = 11. Since the Sylow 11-subgroup
of J1 is cyclic, only one possible Jordan form is represented in G. So we may assume that G is
a central product of quasi-simple finite groups of Lie type. Let X be the corresponding product of
simple algebraic groups; thus X is connected and semisimple.
By [SS97, Theorem B] (see also the proof of [SS97, Theorem C]), it follows that X contains
SLn(k). In particular, this implies that G is simple and must be a form of SLn over a finite field,
whence G = SLn(Fq) or SUn(Fq), where q is some power of p. The result follows.
Remark 2.2. If n > 10, one could use [GS03] to remove the condition p > n+ 2.
Now we recall a group theoretical result from [KLS08]. Before stating the theorem, we recall the
following definitions:
• Let Γ be a group, and d a positive integer. We define Γd as the intersection of all normal
subgroups of Γ of index at most d.
• Let n ≥ 2 be an integer and p ≡ 1 (mod n) be a prime. A group of type (n, p) is defined as
a non-abelian homomorphic image of an extension of Z/(n) by Z/(2p) such that Z/(n) acts
faithfully on Z/(p).
Theorem 2.3 (Khare, Larsen, Savin). Let n ≥ 2 be an integer. There exist constants d(n) and
p(n) depending only on n such that, if d > d(n) is an integer, p > p(n) and ℓ are distinct primes,
and Γ ⊂ GLn(Fℓw) is a finite group such that Γd contains a group of type (n, p), then there exists
g ∈ GLn(Fℓw) and 1 ≤ k ≤ w such that g−1Γg is of the following form: a group containing
SLn(Fℓk), SUn(Fℓk), Spn(Fℓk) or Ω
±
n (Fℓk) and contained in its normaliser in GLn(Fℓw).
Moreover, in each of the four cases, the quasi-simple group contained in g−1Γg contains an
element of order p.
Remark 2.4. See Theorem 2.2 of [KLS08]. The last statement is not included in the theorem, but it
follows from its proof.
2.2 Adequate+ subgroups
J. Thorne introduced in [Tho12] the notion of adecuacy for a subgroup of GLn(k), where k is a finite
field of odd characteristic p. His definition implied that p ∤ n. Later this notion was extended in
[Tho17] to cover the case p | n. In this paper, whenever we consider an adequate group, we will be
referring to this extended notion. Note that if p does not divide n, then the two notions coincide.
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We now introduce a stronger notion, which was proposed to us by Guralnick. The reason for this
new notion is that it behaves well with respect to tensor products.
Definition 2.5. Let k ⊂ Fp be a finite field, V a finite dimensional k-vector space. We say that
G ⊂ GL(V ) is adequate+ if it satisfies the following conditions:
1. Ext1G(V, V ) = 0,
2. H1(G, k) = 0,
3. H2(G, k) = 0,
4. (Weakly adequate) End(V ) is spanned by the semisimple elements g ∈ G.
Lemma 2.6. Let G ⊂ GLn(k). Then the following are equivalent:
1. G is adequate and H2(G, k) = 0;
2. G is adequate+.
Proof. Both implications are proved in [GHT17] in Section 1. For example, condition (ii) in the
definition of adequate follows from (1) and (3) above.
For future use, we record the following result:
Lemma 2.7. Let ℓ ≥ 7 be a prime number. Then SL2(Fℓ) in its natural 2-dimensional representation
is adequate+. The same holds for SL2(F3r) for any r > 2.
Proof. Adequacy follows from Corollary 9.4 of [GHT17]. Moreover the H2 condition is satisfied
(see e.g. [BNP12, Theorem 4.1]).
Theorem 2.8. Let G ⊂ GLn(Fℓ) be one of the four groups SLn(Fℓk), SUn(Fℓk), Spn(Fℓk) or
Ω±n (Fℓk). If k is sufficiently large, then G is adequate+.
Proof. The fact that the group G is adequate is a particular case of [GHT17, Theorem 11.5]. By
Lemma 2.6, it suffices to prove that H2(G,Fℓk) = 0 with k sufficiently large, which is well-known
(see e.g. [Hil80, Theorem 4]).
Proposition 2.9. Let k ⊂ Fp be a finite field, Vi finite dimensional k-vector spaces, and for each
i = 1, . . . , r, let Gi ⊂ GL(Vi) be adequate+ subgroups. Then the image of the direct product
G1 × · · · ×Gr in GL(V1 ⊗ · · · ⊗ Vr) is adequate+.
Proof. First of all, note that the four conditions in Definition 2.5 for a group G to be adequate+ are
preserved when we replace G by a quotient G/N , whenever N is a finite, normal subgroup of G of
order coprime to p. In our situation, the natural mapGL1(V1)×· · ·×GLn(Vr)→ GL(V1⊗· · ·⊗Vr)
has a finite kernel of order coprime to the characteristic of k, thus it suffices to prove that the direct
product G1 × · · · ×Gr acting on V1 ⊗ · · · ⊗ Vr satisfies the four conditions in Definition 2.5.
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Condition (4) in Definition 2.5 is preserved by direct product, since for any semisimple elements
g, h, the tensor product g⊗h is semisimple. SetG = G1×· · ·×Gr and V = V1⊗· · ·⊗Vr. By Künneth
formula, Ext1G(V, V ) = H
1(G,V ∗⊗V ) =⊕iH1(Gi, V ∗i ⊗Vi)⊗H0(∏j 6=iGj ,⊗j 6=i V ∗j ⊗Vj) = 0.
Also by Künneth formula, Hj(G, k) = 0 for j = 1, 2 follows from Hj(Gi, k) = 0 for j = 1, 2.
In our situation, we will have two (or more) representations ρi : GF → GLn(Fp), which are not
linearly disjoint, but may share some small quotient. To deal with this situation, we will utilise the
following elementary lemma.
Lemma 2.10. Let H ✁ G ⊂ GL(V ) be subgroups. Assume that H ⊂ GL(V ) is adequate (resp.
adequate+) and [G : H] has order prime to p. Then G ⊂ GL(V ) is adequate (resp. adequate+).
Proof. Since H ⊂ G, the fact that Condition (4) in the definition of adequate+ is satisfied for H
implies that it is also satisfied for G. The rest follows from the fact that the restriction maps in
cohomology are injective from the coprimeness assumption.
A similar reasoning as in the proof of Lemma 2.10 yields the following result.
Lemma 2.11. Let k ⊂ Fp be a finite field, V a finite dimensional k-vector space, and H ⊂ GL(V )
be a group of order prime to p such that H ⊂ GL(V ) is absolutely irreducible. ThenH ⊂ GL(V ) is
adequate+.
In order to apply Theorem 2.3, we will need the following result:
Proposition 2.12. n ≥ 2, w ≥ k ≥ 1 integers, ℓ a prime number (which we assume greater than
3 when n = 8), and let G ⊂ GLn(Fℓw) be a group containing SLn(Fℓk), SUn(Fℓk), Spn(Fℓk) or
Ω±n (Fℓk) and contained in its normaliser in GLn(Fℓw). Then the index of the corresponding quasi-
simple classical group in G is coprime to ℓ. Moreover, if k is sufficiently large, then G is adequate+.
Proof. We begin by proving the first claim. The case whenG contains Spn(Fℓk) is proved in [KLS08,
Corollary 2.6], and we will give a proof that covers all the cases following a similar reasoning. Since
the outer automorphism groups of classical groups are well known (cf. [CCN+85]), it suffices to
prove that field automorphisms do not belong to the normaliser of the corresponding classical group
(note that we are excluding the only case where graph automorphisms can occur, namely the case of
characteristic ℓ = 3 for type D4). Since G acts absolutely irreducibly, it is enough to show that the
representation is not invariant under any field automorphism. This follows from the fact that in all
four cases, the classical group contains an element whose trace does not live in any proper subfield
of Fℓk , which can be seen by restricting to a small subgroup such as SL2 for the first three cases and
SO3 for the orthogonal case.
The second claim follows automatically from Theorem 2.8 and Lemma 2.10.
Remark 2.13. Let F be a field, and assume we have two representations ρ1, ρ2 of the absolute Galois
group GF into finite-dimensional k-vector spaces V1 and V2 respectively, where k ⊂ Fp is a finite
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field. LetKi denote the field cut out by ρi, for i = 1, 2. Let furtherK/F be a finite Galois extension of
degree coprime to p, such that the extension K1/K andK2/K are linearly disjoint, and such that the
image of ρi(GK) is adequate+. Then combining Proposition 2.9 and Lemma 2.10, we can conclude
that the image of the tensor product of ρ1 and ρ2 is also adequate+. This fact will be used repeatedly
in the paper.
We expand on a concrete situation that will arise in Section 6, Remark 6.1. We have a tensor
product of a 2-dimensional representation ρ : GF → GL2(k) and a 2n-dimensional representation
r : GF → GL2n(k), for some n > 1 different from 4 and some finite field k ⊂ Fp, in such a way
that the image of the restriction of ρ and r to GF (ζp) is adequate+. More precisely, the image of
ρ|GF (ζp) contains a subgroup of the form SL2(Fpr), and the image of r|GF (ζp) contains a classical
group of the form SL2n(Fps), SU2n(Fps), Sp2n(Fps) or Ω
±
2n(Fps), and is contained in its normaliser
in GL2n(Fpw) for some (big enough) exponents r, s, w. Now, if we restrict to the extension M of
F (ζp) cut out by the determinant of ρ, we can assume that the image of ρ coincides with the almost
simple group SL2(Fpr), which must be linearly disjoint with the extension of M cut out by r. Both
ρ(GM ) and r(GM ) are adequate+ (cf. Lemma 2.7 and Proposition 2.12), thus we are able to apply
Proposition 2.9 and Lemma 2.10 to conclude that (ρ⊗ r)(GF (ζp)) is adequate+.
3 Automorphy Lifting Theorems and change of level and weight
We will apply several automorphy lifiting theorems in the paper. To facilitate the reading of the paper,
we will label them in the following way:
• (ALT-ORD) Theorem 2.4.1 of [BLGGT14], for an odd prime ℓ, extended to the case when ℓ
divides the dimension n, with the more general definition of adequacy in [Tho17]. Corollary
7.3 of [Tho17] ensures that it remains valid in this situation.
• (ALT-PD) Theorem 4.2.1 of [BLGGT14] for the potentially diagonalisable situation.
Remark 3.1. Whenever we apply (ALT-PD), both representations will be potentially diagonalisable at
all primes v|ℓ of the base field F . Note that the assumption ℓ ≥ 2(n+1) can be relaxed as in [DG15],
but not in the situation when ℓ|n. In any case, we will apply this theorem only for ℓ ≥ 2(n + 1).
There are two theorems from [Die12a, Section 2], that concern automorphy lifting for tensor
product of representations. Let us recall the setting.
Let ℓ be an odd prime number, and let (R,µ0), (R′, µ′0) (resp. (S, µ1), (S
′, µ′1)) be n0-dimensional
(resp. n1-dimensional) regular, algebraic, polarized ℓ-adic representations of GF , which are irredu-
cible. Given any ℓ-adic representation x, we denote by x the semisimplification of the reduction of
x.
Let (m1, . . . ,mr), (w1, . . . , ws) be the HT weights of R and S. Then the HT weights of R ⊗ S
are {mi + wj : i = 1, . . . , r; j = 1, . . . , s}. If we want that R ⊗ S is regular, we need all these
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numbers to be different. This motivates the following definition, which is similar to the notion defined
in [Die12a].
Definition 3.2. Let (0, k1, . . . , km−1) be a strictly increasing m-tuple of natural numbers in arith-
metic progression, and C ≥ 2 some natural number. We will say that (0, k1, . . . , km−1) is C-very
spread if k1 > 2C .
Remark 3.3. Note that, whenever R is a 2 dimensional ℓ-adic regular, algebraic representation of
weights (0, k) with k < C and S is an n-dimensional regular, algebraic representation with C-very
spread weights, then R ⊗ S is also regular algebraic. The reason why we use 2C instead of C in the
definition will be explained in Remark 3.8
We will state and prove the following variations of Theorems 2.1 and 2.2 of [Die12a], and we
will indicate the extra ingredients that are necessary to prove these variants. Observe that in particular
these variants apply to the case when ℓ divides the dimension of the representation.
Theorem 3.4 (ALT-MIXED). Let F be a CM field, let ℓ be an odd prime number such that ζℓ 6∈ F ,
and let (R,µ0), (R
′, µ′0) (resp. (S, µ1), (S
′, µ′1)) be n0-dimensional (resp. 2-dimensional) regular,
algebraic, polarized ℓ-adic representations of GF which are irreducible. Assume that the tensor
product R′ ⊗ S′ is automorphic and assume that (R,µ) and (R′, µ′) (resp. (S, µ1) and (S′, µ′1)) are
congruent mod ℓ.
Assume furthermore the following technical conditions:
1. R⊗ S and R′ ⊗ S′ are regular and irreducible,
2. For every v|ℓ place of F , R|GFv , R′|GFv are ordinary and S|GFv , S′|GFv are potentially diag-
onalisable.
3. The image of (R⊗ S)|GF (ζℓ) is adequate+.
Then R⊗ S is automorphic.
Proof. We just indicate the differences with the proof of Theorem 2.1 of [Die12a].
Harris trick is only applied in the component S, which is 2-dimensional, and since ℓ is odd, we
know that the dihedral representation we introduce has adequate+ image (cf. Lemma 2.10). We also
apply Remark 2.13 to conclude the the residual image of the tensor product is adequate+ and hence
adequate. In this way, the proof follows as in [Die12a] by applying (ALT-ORD) and an automorphy
lifiting theorem for the minimal case (Theorem 2.3.1 of [BLGGT14]), both extended to the case ℓ|n0
(cf. [Tho17], Corollary 7.3). To be more precise, as in [Die12a], we need to observe that Theorem
2.3.1 of [BLGGT14] extends to representations that are potentially semistable but not potentially
crystalline.
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Remark 3.5. We will apply this theorem in the case ℓ ∈ L (see Section 5 for the definition of L); in
particular we will always have ℓ ≥ 7.
Theorem 3.6 (ALT-HARRIS). Let F be a CM field, let ℓ be an odd prime number such that ζℓ 6∈ F ,
and let (R,µ0), (R
′, µ′0) (resp. (S, µ1), (S
′, µ′1)) be n0-dimensional (resp. n1-dimensional) regular,
algebraic, polarized ℓ-adic representations of GF which are irreducible. Assume that the tensor
product R′ ⊗ S′ is automorphic and assume that (R,µ) and (R′, µ′) (resp. (S, µ1) and (S′, µ′1)) are
congruent mod ℓ. Assume furthermore the following technical conditions:
1. ℓ ∤ n0.
2. R⊗ S and R′ ⊗ S′ are regular and irreducible.
3. For every v|ℓ place of F , R|GFv , R′|GFv are potentially diagonalizable and for every v not
dividing ℓ, R|GFv and R′|GFv are connected.
4. S|GFv and S′|GFv are connected, for all finite place v of F .
5. The image of (R⊗ S)|GF (ζℓ) is adequate+.
6. R⊗R′ ⊗ S is regular.
Then R⊗ S is automorphic.
Proof. As in the previous theorem, the proof is quite similar to the one of Theorem 2.2 of [Die12a].
We just need to observe that, in the application of Harris trick, we have to consider an n0-dimensional
monomial representation with ℓ ∤ n0, thus by Lemma 2.10 it has adequate+ image. Then one applies
again Remark 2.13 to conclude that the image of the tensor product by the monomial representation
is adequate+. Finally we apply the automorphy lifting theorem for the minimal case (Theorem 2.3.1
of [BLGGT14]), extended to the case ℓ|n0 in [Tho17], Corollary 7.3, to conclude the proof.
Remark 3.7. Note that in the ALT-HARRIS it is allowed that the dimension of the representation S is
divisible by ℓ.
Remark 3.8. In the applications in the following sections, R and R′ will be 2-dimensional represent-
ations attached to modular forms belonging to the chain C constructed in [Die], hence their weights
{0, k} and {0, k′}will satisfy that k and k′ will be smaller than a certain constant C0, and furthermore
k 6= k′. We will work with representations S with C0-very spread weights. It follows that condition 6
in the theorem will be satisfied (this is the reason for the 2 multiplying the constant in Definition 3.2).
At certain points in the paper, we will need to perform change of level and weight of automorphic
representations. The following result will be applied to modular forms.
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Theorem 3.9 (Big weight). Let f be a newform of weight k and let p > 5 be a prime number.
Assume that the image of ρ¯p(f)|Q(ζp) is irreducible. Assume that ρp(f) locally at p is potentially
diagonalisable. We twist ρp(f) in such a way that the Serre weight k satisfies k ≤ p + 1. Assume
k 6= p, and fix a positive integer D. Then, up to twisting by a finite order character ramified only at
p, ρp(f) is congruent to another modular Galois representation ρp(f
′) for a newform f ′ of weight
k′ ∈ [D, p2−1+D]. f ′ has level prime to p and ρp(f ′) is (crystalline) and potentially diagonalisable
at p.
Moreover, we can choose f ′ such that the p-adic Galois representation ρp(f) and ρp(f ′) connect
locally at each ℓ 6= p.
Remark 3.10. In all applications of this theorem, we are going to have a newform f of even weight
such that p is unramified in the nebentypus of f . From this it is clear that the “minimal” residual
Serre weight will be even, so in particular the condition k 6= p is satisfied.
Remark 3.11. In the Fontaine Laffaille situation, the potentially Barsotti-Tate situation or the or-
dinary crystalline case, the representation is potentially diagonalisable (see [BLGGT14] and [GK14,
Lemma 4.4.1] for the potentially Barsotti-Tate case).
Proof of Theorem 3.9. The proof is similar to the one of Lemma 4.1 in [Die12a]. We just indicate
the differences with that proof. Call ρ the twist of ρ¯p(f) of minimal Serre weight. We need to find a
modular lift of ρ¯ attached to a newform f ′ with the required conditions. We consider two cases.
• Case 1: Assume k(ρ¯) = p+1. In this case, we know that there is a modular lift of weight p+1,
ordinary at p, and by Hida theory, we can also find a crystalline ordinary lift (thus potentially
diagonalisable) corresponding to a modular form f ′ of weight k′ ∈ [D, p2 − 1 +D].
• Case 2: Assume k(ρ¯) ≤ p − 1. In this case we know that there is a modular crystalline lift
of weight k ≤ p − 1, thus it falls in the Fontaine Laffaille case. If ρ is reducible, this lift is
ordinary (because we are in the Fontaine-Laffaille range), hence we can apply Hida Theory like
in Case 1 to find a crystalline ordinary lift corresponding to a modular form f ′ whose weight is
comprised in the interval [D, p2 − 1 +D].
If ρ is irreducible, we proceed as in [Die12a]. Namely, using Lemma 4.19 of [BLGG13], we
can find a potentially diagonalisable and crystalline modular lift of arbitrarily large weight k′.
In fact, since the only restriction on this weight is given by the fact that the residual Serre weight
is fixed, the arguments in Lemma 4.19 of loc. cit. (using the fact that a fundamental character
of level two has order p2 − 1) allows us to pick k′ ∈ [D, (p2 − 1) +D].
We will apply Theorem 4.4.1 of [BLGGT14] to produce automorphic lifts of residually auto-
morphic representations with prescribed local types several times. We recall the setup. Let F be a
CM field with maximal totally real subfield F+, n a positive integer and ℓ an odd rational prime,
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satisfying that ℓ > 2(n + 1), ζℓ 6∈ F and, for all primes v|ℓ of F+, v is completely split in F/F+.
Fix an embedding ι : Qℓ ≃ C. Let S be a finite set of primes of F+, which are split in F/F+, and
containing all those places of F+ above ℓ. Given a continuous representation r : GF → GLn(Fℓ),
with r|F (ζℓ) irreducible, and such that for some algebraic character µ ofGF+ the representation (r, µ)
is a polarised mod ℓ representation unramified outside S, which is either ordinarily automorphic or
potentially diagonalisably automorphic, then Theorem 4.4.1 of [BLGGT14] ensures the existence of a
regular, algebraic, cuspidal, polarised automorphic representation (π, χ) of GLn(AF ), satisfying the
following conditions:
1. rℓ,ι(π) ≃ r;
2. rℓ,ι(χ)ε
1−n
ℓ = µ;
3. The level of π is potentially prime to ℓ;
4. π is unramified outside S;
5. For any prefixed choice of a prime v˜ of F above each of the primes v ∈ S above ℓ, and for each
prefixed lift ρv : GFv˜ → GLn(OQℓ) of rℓ,ι(π)|GFv˜ which is potentially diagonalisable and such
that, for each embedding τ : Fv˜ → Qℓ, the Hodge Tate weights HTτ (ρv) are all different, it
holds
rℓ,ι(π)|GFv˜ ∼ ρv
6. For any prefixed choice of a prime v˜ of F above each of the primes v ∈ S which are not above
ℓ, and for each prefixed lift ρv : GFv˜ → GLn(OQℓ) of rℓ,ι(π)|GFv˜ , it holds
rℓ,ι(π)|GFv˜ ∼ ρv
Remark 3.12. On the one hand, assume that v|ℓ is a place of F+. Since the relationship “connects
to” is an equivalence relationship (cf. [BLGGT14, (2) in page 530]), and we chose a lift ρv which
is potentially diagonalisable, we have that rℓ,ι(π)|GFv˜ is also potentially diagonalisable. Moreover,
this relationship preserves the restriction of the Weil-Deligne representation to the inertia group at
v˜ (cf. [BLGGT14, (3) in page 530]). Hence if we choose ρv to be crystalline, then rℓ,ι(π)|GFv˜ is
crystalline too, thus ℓ does not appear in the level of π.
On the other hand, assume that v ∤ ℓ is a place of F+ belonging to S. Theorem 4.4.1 of
[BLGGT14] ensures the existence of π such that rℓ,ι(π)|GFv˜ connects to a prefixed lift ρv of r|GFv˜ .
By Lemma 1.3.2 of [BLGGT14], rℓ,ι(π)|GFv˜ will belong to a unique irreducible component of the
corresponding deformation ring. Moreover the same reasoning shows that we can always take the
lift ρv belonging to a unique irreducible component of the corresponding deformation ring (which we
will always do, without mentioning it explicitly). Thus, with this choice ρ1 = rℓ,ι(π)|GFv˜ and ρ2 = ρv
are actually strongly connected (i.e. ρ1  ρ2 and ρ2  ρ1, cf. [BLGGT14, pag 524]). In particular,
[BLGGT14, page 524, (6)] shows that the local types (r|Iv , N1) of ρ1 and (r|Iv , N) of ρ2 at v agree.
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Next, we want to record a special situation in which, applying Theorem A in [GHLS17], one can
produce a weight 0 lift.
Theorem 3.13. [Weight 0 Thm] Let F be a CM field, F+ its maximal totally real subfield and ℓ a
rational prime, n a positive integer such that the following conditions are satisfied: ℓ > 2(n+1), ℓ is
unramified in F and all primes of F+ above ℓ split in F/F+.
Let (π, χ) be a regular algebraic polarised cuspidal automorphic representation of GLn(AF ),
and consider the set S of primes of F+ above ℓ and the primes dividing the level of π. We assume
that all v ∈ S are split in F/F+. For each v ∈ S, fix a prime v˜ of F above v. Let r = rℓ,ι(π) and
µ = rℓ,ι(χ). Assume that r is Fontaine Laffaille locally at each v|ℓ (in particular, ℓ is unramified for
π). Assume that r¯|GF (ζℓ) is absolutely irreducible. For each v ∈ S, we will fix a lift ρv of r|GFv˜ as
follows:
• If v ∤ ℓ, ρv = r|GFv˜ .
• If v|ℓ, we take a lift ρv which is potentially diagonalisable and is of Hodge type 0 (whose
existence follows from Theorem A of [GHLS17]).
Then there is an automorphic RACP lift (π′, χ′) such that:
1. rℓ,ι(π
′) ≃ r.
2. The level of π′ is potentially prime to ℓ, and furthermore π′ is unramified outside S.
3. For each v ∈ S, rℓ,ι(π′)|GFv˜ ∼ ρv. In particular, rℓ,ι(π′) has weight 0.
4 2-dimensional Chain
Let f ∈ Sk(N) be a modular form without complex multiplication, which is an eigenform for all
Hecke operators Tq with q ∤ N . For each prime p, we fix a prime p|p of the coefficient field Qf of f ,
and let ρp(f) : GQ → GL2(Qp) be the irreducible Galois representation of the absolute Galois group
GQ associated to f and p by classical work of Deligne. Denote by ρ•(f) the corresponding compatible
system of Galois representations. By Ribet’s theorem, the image of the residual representation ρp(f)
is large (i.e. contains SL2(Fp)) for p sufficiently large. We say the prime p is exceptional for f if the
image of ρp(f) is not large (for some p|p). To simplify notation, in what follows we denote ρp(f) by
ρp(f) (recalling there is a choice of p|p involved). If f , f ′ are two modular eigenforms, we will say
that they are congruent modulo p if the residual representations ρp(f) and ρp(f
′) coincide.
Fix a modular form f ∈ Sk(1). The goal of this section is to describe a chain connecting f with a
CM modular form g. By a chain, we mean a list of modular forms
C := {f = f1, f2 . . . , fh = g}
such that, if fi and fi+1 are two consecutive terms, then there exists a prime pi such that fi is congruent
to either fi+1, a twist of fi+1, or a Galois conjugate of fi+1 modulo pi. In addition, we want the chain
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to be "safe", meaning that at each congruence in the chain, a suitable ALT can be applied. More
precisely, we want that the following conditions hold at all congruences of the chain:
• Local conditions at pi: ρpi(fi) and ρpi(fi+1) are either both potentially diagonalisable at pi, or
both ordinary at pi.
• Residual image: the restriction of ρpi(fi) to GQ(ζpi ) has adequate+ image.
In what follows, we present the construction of a particular "safe" chain, linking a given modular
form f ∈ Sk(1) with the CM form g ∈ S2(27). For the rest of the paper, this particular chain will
be called the skeleton chain. The construction of the skeleton chain consists of 15 steps. The first
eleven steps are taken from [Die], whereas the last four steps have been collected from [Die12a].
Observe that there is a Corrigenda to [Die], where Step 7 of the chain is corrected and Step 3 and
Step 4 are replaced by two steps called Step 3NEW and Step 4NEW. Following a suggestion of the
referee, for a greater clarity and in order to keep this paper self-contained, we will present step by step
a description of the skeleton chain, including in particular full details for the three steps addressed in
the Corrigenda.
It is important to remark, for future reference in this paper, that the congruences in this chain can
be classified into three types, according to the local data of the two modular forms involved.
• Congruence of type A: Both fi and fi+1 are potentially diagonalisable at pi, of different weights,
and connected at all p 6= pi.
• Congruence of type B: Both fi, fi+1 are ordinary at pi, of different weights, and are connected
at all p 6= pi.
• Congruence of type C: Both fi, fi+1 are potentially diagonalisable at pi, but they are of different
type at some p 6= pi (in particular, cases of level raising or lowering at p).
Remark 4.1. We will see that, except at Step 12, whenever there is a congruence of type B in the
skeleton chain, say between fi and fi+1, we have that fi is a weight 2modular form, which is Steinberg
at the prime pi. Thus the representation ρpi(fi) is ordinary, but not potentially crystalline locally at
pi. In Section 6.3, we will need to build on the previous congruence between fi−1 and fi modulo pi−1.
One can check that, with the above mentioned exception, whenever the congruence between fi and
fi+1 is of type B, the preceding congruence between fi−1 and fi in the chain is a congruence of type
C, where the type is changed at pi.
Almost all congruences in the skeleton chain are of type A. Whenever a type B congruence ap-
pears, we will draw a diagram to illustrate Remark 4.1. In Step 12 we also draw a diagram, although
in this case the congruence of type B is not preceeded by a type C congruence (we will need a separate
section, namely Section 6.4, to deal with this case). For completeness, we will also include a diagram
in cases where an isolated type C congruence appears.
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Remark 4.2. We will see in the description that, at all congruences, except for Step 15, we have that
ρpi(fi)(GQ) contains SL2(Fpir), where either pi ≥ 7 or pi = 3, with r > 2 in the latter case. By
elementary group theory, the same holds for the restriction of ρpi(fi) to Q(ζpi). Thus adequacy+ of
ρpi(fi)(GQ(ζpi )) holds by Lemma 2.7.
We proceed now to the detailed description of the skeleton chain.
4.1 Step 1 (cf. [Die, Section 3.1])
The purpose of this step is to introduce a good dihedral prime in the level of the given modular form,
and it will consist of three congruences.
We start with f := f1. First, we pick a prime r > k such that the image of ρr(f1) is large. We
have a mod r congruence with a modular form f2 of weight 2 with level r and some nebentypus.
Observe that this congruence is of type A because one of the representations is Fontaine-Laffaille and
the other one is potentially Barsotti-Tate, thus they are both potentially diagonalisable (cf. Remark
3.11).
Next, a suitable bound B0 is fixed as in [Die, Section 3.1] (denoted B in loc. cit.). In particular,
B0 is greater than k, 2r and 53. Once B0 is fixed, we pick primes t0 and q0 (these are denoted t and
q in loc. cit.) satisfying the conditions specified in Section 3.1 of loc. cit. (in particular, the residual
image modulo t0 is large). Modulo t0 we produce a congruence with a modular form f3 of weight 2
and level rq20, having q0 as a good dihedral prime with respect to the bound B0. This congruence is of
type C, since both representations are Barsotti-Tate and thus potentially diagonalisable (cf. Remark
3.11), and the type has changed at the prime q0.
From now on, up to Step 4NEW (included), we are going to work in characteristics 7 ≤ p < B0,
and this implies that the residual images will be large because of the good dihedral prime q0 in the
level.
To conclude this step, we move back to characteristic r and obtain a congruence, up to twist,
with a form f4 of weight k′ greater than 2 and smaller than r, and level q20. This is again a type A
congruence.
f1 ∈ Sk(1)
mod r
TYPE A
f2 ∈ S2(Γ1(r))
mod t0
TYPE C
f3 ∈ S2(Γ1(q20r))
mod r
TYPE A
f4 ∈ Sk′(q20)
4.2 Step 2 (cf. [Die, Section 3.2])
In this step we apply the method of Weight Reduction via Galois Conjugation (WRGC) described
in [Die09]. It consists of several iterations of a combination of congruences and Galois conjugation,
specially devised to reduce the weight.
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We describe the generic step that will be iterated. We start with a form of weight 2 < k < r
and level q20 . If k ≤ 14, we are done and proceed to Step 3NEW below. Otherwise, pick p to be the
smallest prime larger than k (except when k = 32, where we take p = 43). We begin by taking a mod
p congruence with a weight 2 modular form, with level pq20 and nebentypus at p. The size of B0 with
respect to r ensures that p < B0, thus the residual image is large. This congruence is of type A.
Here comes the key step of the WRGC method: it is shown in [Die, Section 3.2] that, for a
suitable Galois conjugation, one can pass to a conjugated form, also of weight two and level pq20,
and conjugated nebentypus, such that when reducing modulo p, the corresponding Serre weight (up
to twist) is smaller than k and greater than 2. Thus we have a congruence, up to twist, with a form
of level q20 and weight k
′ satisfying 2 < k′ < k. The congruence is of type A, and again p < B0
guarantees that the residual image is large.
After this iterative process, we end up with a modular form of weight 2 < k ≤ 14, level q20 and
trivial nebentypus.
4.3 Step 3NEW (cf. Corrigenda to [Die])
This step is actually a preliminary step, which is required before the introduction of the Micro-Good
Dihedral prime that will occur in Step 4NEW below. The goal is to adjust the weight to 16, and the
level to q20. Throughout all this step, residual images in all congruences are going to be large because
of the good dihedral prime q0.
We start with a modular form fi of weight 2 < k ≤ 14, level q20 and trivial nebentypus. We
perform a congruence mod 47, with a modular form fi+1 of weight 2, level 47q20 and nebentypus µ =
ωk−2, where ω is the Teichmüller lift of the cyclotomic character (cf. [KW09] for the existence and
modularity of this lift). The nebentypus µ has conductor 47 and order 23. Note that this congruence
is of type A.
If we reduce (modulo 23) the local 23-adic Galois representation attached to fi+1, the residual
representation will be either unramified at 47 or will have unipotent ramification at 47. Accordingly,
we divide into two cases:
• Case 1: There is unipotent ramification at 47. In this case, we take a minimal modular lift,
corresponding to a weight 2 modular form fi+2 of level 47q20 that is Steinberg locally at 47. We
have a type C congruence, since we have changed the local type at 47.
Next, we move to characteristic 47, and consider ρ47(fi+2). By considering the Hida family
deforming this residual representation, we have a congruence with a modular form fi+3 of
weight 48 and level q20. Both forms in this congruence are ordinary at 47, thus this is a type B
congruence.
We draw a diagram of the congruences performed in Step 3NEW so far for this case.
16
fi ∈ Sk(q20)
mod 47
TYPE A
fi+1 ∈ S2(Γ1(47 · q20))
mod 23
TYPE C
fi+2 ∈ S2(47 · q20)
mod 47
TYPE B
fi+3 ∈ S48(q20)
• Case 2: There is no ramification at 47. In this case, if we take a minimal lift, it corresponds to
a modular form fi+2 of weight 2 and level q20 . This is a type C congruence (we are doing level
lowering at 47).
It is well known (and follows from multiplying by the Hasse invariant E47−1) that there is a mod
47 congruence between fi+2 and a newform fi+3 of level q20 and weight 48. Let us show that this
is a type A congruence. The input form is Barsotti-Tate, hence potentially diagonalisable locally
at 47. For the other form, we consider two cases: if the residual representation locally at 47 is
described by powers of the cyclotomic character, then we are in the ordinary case (residually
ordinary implies ordinary in this situation), and we are again moving in a Hida family, but in
this case both representations are crystalline and ordinary, thus potentially diagonalisable. In
the complementary case, the supersingular case, it is also true that the output representation
is potentially diagonalisable. To show this, we rely on Proposition 3.13 in [Kis07], where it
is proved that, in this case, the universal ring of local deformations which are crystalline of
weight p + 1 = 48 is a domain, thus it is irreducible, plus the fact that can easily be checked
(and is a particular case of Lemma 4.1.19 of [BLGG13]) that in the supersingular weight 2 case
we can construct a local lift of weight 48 which is induced from a crystalline character of the
unramified quadratic extension of Q47. Thus, any crystalline deformation of this weight has to
be connected to this particular one, therefore it is potentially diagonalisable.
The diagram corresponding to the congruences performed in Step 3NEW in Case 2 is the fol-
lowing:
fi ∈ Sk(q20)
mod 47
TYPE A
fi+1 ∈ S2(Γ1(47q20))
mod 23
TYPE C
fi+2 ∈ S2(q20)
mod 47
TYPE A
fi+3 ∈ S48(q20)
In both cases we end up with a modular form fi+3 of weight 48 and level q20, so we can treat them
in a joint way. Our aim is to reduce the weight from 48 to 16, and this will be performed in two steps.
First, we move to p = 53, and modulo pwe have a congruence with a modular form fi+4 of weight
2 and level 53q20 with nebentypus ω
46 of conductor 53 and order 26. This is a type A congruence, and
the residual image is large because of the good dihedral prime q0 and the fact that 53 < B0.
Following a method of Khare, we are going to work modulo the auxiliary prime 13 (which divides
the order of ω46) to modify the nebentypus. We reduce modulo 13 and we take a minimal lift, which
corresponds to a modular form fi+5 of weight 2 and level 53q20 (for existence and modularity of this
17
lift, cf. [KW09]). The character giving ramification at 53 in this minimal lift, in other words, the
nebentypus of the corresponding modular form fi+5, is ω26, a quadratic character. This is a type C
congruence, since the local type at 53 was modified, and again the residual image is large.
Next we reduce again modulo 53. Here, the possible values for the residual Serre’s weight (up to
twist) are (according to [Sav05]) 26 + 2 = 28 or 53 + 3 − 28 = 28. By taking a modular minimal
lift, we obtain a congruence, up to twist, with a modular form fi+6 of weight 28 and level q20. This is
a type A congruence, and the residual image is large.
fi+3 ∈ S48(q20)
mod 53
TYPE A
fi+4 ∈ S2(Γ1(53 · q20))
mod 13
TYPE C
fi+5 ∈ S2(Γ1(53 · q20))
mod 53
TYPE A
fi+6 ∈ S28(q20)
To reduce the weight further, we repeat the above steps, using different auxiliary primes. First,
take p = 29, and consider a modular weight two lift of level 29q20 , and nebentypus ω
26, which is a
character of conductor 29 and order 14. This is a type A congruence, and the residual image is large.
Next, we reduce modulo 7 and take a minimal modular lift corresponding to a modular form fi+8
of weight 2 and level 29q20 , with nebentypus ω
14, a quadratic character. This is a type C congruence,
since the local type at 29 was modified, and again the residual image is large.
Finally, we reduce modulo 29, and applying [Sav05] we see that the residual Serre weight, up to
twist, is 16. Thus we get a congruence with a modular form fi+9 of weight 16 and level q20. This is a
type A congruence, and the residual image is large.
fi+6 ∈ S28(q20)
mod 29
TYPE A
fi+7 ∈ S2(Γ1(29 · q20))
mod 7
TYPE C
fi+8 ∈ S2(Γ1(29 · q20))
mod 29
TYPE A
fi+9 ∈ S16(q20)
4.4 Step 4NEW (cf. Corrigenda to [Die])
The aim of this step is to introduce the Micro-Good Dihedral prime 43 into the level of the modular
form produced in Step 3NEW (see page 631 of [Die] for the definition of Micro-Good Dihedral, which
we abbreviate by MGD in what follows). This step will be performed by a single congruence modulo
43.
Recall that the starting point of this step is a modular form, say f ′, of weight 16 and level q20.
We reduce modulo 43. Observe that the residual image is large because of the Good-dihedral prime
q0. Since we are in a Fontaine-Laffaille case, we know that the residual representation ρ43(f
′), when
restricted to the inertia group at 43, is described by powers of the cyclotomic character or by fun-
damental characters of level 2, with exponents 0 and 15 in both cases. Twisting by ω, we see that
Theorem 6.23 (1) or 6.23 (2) in [Sav05] can be applied to the restriction to the decomposition group
at 43 of ρ43(f
′ ⊗ ω) (using the notation of [Sav05], we are in the case p = 43, m = 16, i = 16, and
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j = 0 and we are taking the first listed case both in part (1) and (2) of the theorem), to deduce the
existence of a local lift of this local residual representation, which is potentially Barsotti-Tate and has
inertial type ω162 ⊕ ω16·432 , where ω2 denotes a Teichmüller lift of a fundamental character of level 2.
Next we apply Theorem 7.2.1 in [Sno19] to deduce the existence of a global 43-adic Galois deforma-
tion (of ρ43(f
′ ⊗ ω)) ramifying only at 43 and q0, having q0 as Good-Dihedral prime, and potentially
Barsotti-Tate locally at 43, with ω162 ⊕ ω16·432 as inertial local type. An application of the modularity
lifting theorem of Kisin in [Kis09] implies that this lift is modular. Thus, we have obtained a congru-
ence, up to twist, between f ′ and a modular form, say f ′′ of weight 2 and level 432q20, supercuspidal
at 43, with local inertial type given by ω162 ⊕ ω16·432 , the induction of a totally ramified character of
order 11 ·21. Since 21 divides 42 = 43−1, it is easy to see that a twist of f ′′ will have ramification at
43 given by a character of order 11 (in fact, we have explicitly checked that the twist by ω34 has this
property).
We conclude that, up to twist, we have a congruence modulo 43 with a form f ′′ of weight 2 and
level 432q20, Good-Dihedral at q0 with supercuspidal local parameter at 43 given by a character of
order 11. Thus 43 is a MGD prime for this form. Both forms involved in this congruence up to
twist are potentially diagonalisable, because one of them is Fontaine-Laffaille and the other one is
potentially Barsotti-Tate. This congruence is thus of type A.
4.5 Step 5 (cf. [Die, Section 3.5])
In this step we remove the good-dihedral prime q0. In any congruence that follows, the largness of the
residual image will no longer be ensured by the presence of the good-dihedral prime q0, and has to be
checked by other means.
We start with a modular form fi ∈ S2(432q20) and perform a congruence modulo t0. The residual
mod t0 representation will either be unramified or has unipotent ramification at t0 (cf. [KW09], where
the same situation occurs). In addition, the residual image is large (this is proven in [Die, Section
3.5]. The proof uses the presence of the MGD prime 43). In the unramified case, the necessary and
sufficient conditon for Steinberg level raising at q0 is satisfied (cf. Section 3.5 of loc. cit.). Hence,
doing level raising if necessary, in both cases we have a congruence modulo t0 with a modular form
fi+1 of weight 2 and level 432q0, Steinberg locally at q0. In both cases, the type at q0 was changed,
thus this is a type C congruence.
Next we consider the prime q0, and the ordinary Hida family containing the q0-adic representation
attached to fi+1. We specialize to weight q0 + 1, thus obtaining a congruence with a modular form
fi+2 of weight q0 + 1, ordinary at q0, with level 432. The residual image mod q0 is large, as shown in
[Die, Section 3.5]. Since both forms are ordinary, this is a type B congruence.
We draw a diagram of the congruences performed in this step.
19
fi ∈ S2(432q20)
mod t0
TYPE C
fi+1 ∈ S2(432q0)
mod q0
TYPE B
fi+2 ∈ Sq0+1(432)
4.6 Step 6 (cf. [Die, Section 3.6])
This step is similar in nature to Step 2. The goal is to reduce the weight from q0 + 1 to weight
2 < k ≤ 14, and we will use again the WRGC method. The only significant difference is that the
Good-Dihedral prime q0 is no longer in the level, therefore a more sofisticated variant of the WRGC
method is applied, that takes care of ensuring that residual images are large all through the process.
This variant uses the Micro-Good Dihedral prime 43, and therefore throughout this step we avoid to
work in characteristics p = 11 and p = 43. The reader can find all details in [Die, Section 3.6].
The generic step is exactly the same as in Step 2, thus all congruences are of type A. This step
finishes with a modular form of level 432 and weight 2 < k ≤ 14.
4.7 Step 7 (cf. Corrigenda to [Die])
In Step 7 of the skeleton chain, as described in [Die, Section 3.7], the mistake that was corrected in
the Corrigenda appears only once, and can easily be corrected applying ideas that we have already
described in Step 3NEW above. Thus, we will summarize Step 7 following Section 3.7 of loc. cit.,
except for the erroneous congruence, which we will replace by a different one (as was done in the
Corrigenda), explaining it in full detail.
The aim of Step 7 is to accommodate the weight to 16, like in Step 3NEW above. We will apply
the same sequence of congruences as in Step 3NEW, the only difference is that, since the Good-
Dihedral prime q0 is no longer in the level, we need to check that the residual images are large with a
different technique, involving the MGD prime 43. In order to preserve this MGD prime in the level,
we will avoid working in characteristics p = 11 and p = 43.
We start with a modular form fi of weight 2 < k ≤ 14, level 432 and trivial nebentypus. We
perform a congruence mod 47, with a modular form fi+1 of weight 2, level 43247 and nebentypus
µ = ωk−2, which has conductor 47 and order 23. Note that this congruence is of type A. The residual
image is large, as proven in [Die, Section 3.7].
If we reduce (modulo 23) the local 23-adic Galois representation attached to fi+1, we obtain a
large residual image, as shown in [Die, Section 3.7]. The residual representation ρ23(fi+1) is either
unramified at 47 or has unipotent ramification at 47. Accordingly, we divide into two cases (exactly
as in Step 3NEW above):
• Case 1: There is unipotent ramification at 47. In this case, we take a minimal modular lift,
corresponding to a weight 2 modular form fi+2 of level 43247 that is Steinberg locally at 43.
We have a type C congruence, since we have changed the local type at 47.
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Next, we move to characteristic 47 and consider ρ47(fi+2). By considering the Hida family
deforming the residual representation attached to the 47-adic Galois representation correspond-
ing to fi+2, we have a congruence with a modular form fi+3 of weight 48 and level 432. Both
forms in this congruence are ordinary at 47, thus this is a type B congruence.
We need to check that the residual representation ρ47(fi+2) has a large image. To do so, we will
consider all possibilites for the residual image, following Dickson’s classification of maximal
subgroups of PSL(2,F) for a finite field F of positive characteristic p (with p = 47 in this
case), namely reducible, dihedral, exceptional or large. First of all, since we are working in
characteristic 47 6= 11, 43, the presence of the MGD prime ensures that the residual image is
absolutely irreducible, ruling out the reducible case. Moreover, the local type at 43 ensures
that the projective residual image of inertia at 43 has order 11, and in the exceptional cases in
Dickson’s classification no element of order 11 can occur. Therefore the only possibilities for
the image of ρ47(fi+2) are dihedral or large. Assume that the image is dihedral, and letK/Q be
the quadratic field such that the restriction of the image of ρ47(fi+2) to GK becomes reducible.
The residual representation ρ47(fi+2) can only be ramified at 43 and 47, and the same applies
toK/Q. However, the order of the residual image of the inertia group at 43 is 11, which is odd,
thus the quadratic extension K/Q cannot ramify at 43. Thus K/Q ramifies at p = 47, and we
can apply Lemma 3.1 of [Die] to deduce that one of the equalities 47 = 2k − 1 or 47 = 2k − 3
holds, where k is the Serre weight of the residual representation ρ47(fi+2). But in our case the
Serre weight is k = 2 or k = 48 (this is so because the modular form fi+2 has weight two and
is Steinberg at p = 47), which do not satisfy the equalities above. Hence the residual image is
not dihedral, and we conclude that it must be large.
We draw a diagram of the congruences performed in Step 7 so far for this case.
fi ∈ Sk(432)
mod 47
TYPE A
fi+1 ∈ S2(Γ1(43247))
mod 23
TYPE C
fi+2 ∈ S2(43247)
mod 47
TYPE B
fi+3 ∈ S48(432)
• Case 2: There is no ramification at 47. Note that this is the point where the mistake occurred in
[Die, Section 3.7]: it was erroneously claimed that in Case 2 a non-minimal lift with Steinberg
ramification at 47 always exists. Since this need not be the case, what we do is to take a
minimal lift, corresponding to a modular form fi+2 of weight 2 and level 432. This is a type
C congruence (we are doing level lowering at 47), and we have already pointed out, before
splitting the proof into two cases, why the residual image is large.
It is well known (and follows from multiplying by the Hasse invariant E47−1) that there is a mod
47 congruence between fi+2 and a newform fi+3 of level 432 and weight 48. As in Step 3NEW
above, it can be shown that the 47-adic Galois representation attached to fi+3 is potentially
diagonalisable locally at 47, thus this is a type A congruence. It remains to check that the image
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of ρ47(fi+2) in this congruence is large. The reasoning is similar to the one for Case 1. Namely,
we need to check that the residual image cannot be reducible, dihedral or exceptional. The same
argument as above, involving the presence of the MGD prime 43, together with the fact that the
ramification at 43 has order 11, rules out the reducible and exceptional cases. Since the order of
ramification at 43 is odd, the quadratic field extension K/Q involved in the dihedral case must
ramify at 47 only. An application of Lemma 3.1 of [Die], together with the fact that the Serre
weight of the residual representation ρ47(fi+2) is k = 2 (the input form is a form of weight 2
and level 432), ensures that the image cannot be dihedral. Thus we have large image, as was to
be proven.
The diagram corresponding to the congruences performed so far in Step 7 in Case 2 is the
following:
fi ∈ Sk(432)
mod 47
TYPE A
fi+1 ∈ S2(Γ1(43247))
mod 23
TYPE C
fi+2 ∈ S2(432)
mod 47
TYPE A
fi+3 ∈ S48(432)
In both cases we end up with a modular form fi+3 of weight 48 and level 432, so we can treat
them jointly from this point on. We still need to reduce the weight from 48 to 16, exactly like in Step
3NEW. The next congruences are exactly the same as in Step 3NEW (hence we skip the explanations
concerning the existence of the modular forms involved in the congruences), with the only difference
that instead of the Good-Dihedral prime q0, the MGD prime 43 must suffice to ensure large image.
We will check at each congruence that this is the case.
As in Step 3NEW, we move to p = 53, and modulo p we have a congruence with a modular form
fi+4 of weight 2 and level 43253 with nebentypus ω46 of conductor 53 and order 26. This is a type A
congruence. Using the presence of the MGD prime 43 and Lemma 3.1 of [Die], it can be proven that
the residual image is large, exactly as in the congruences above.
Next, following a method of Khare to reduce the weight, we are going to work modulo the aux-
iliary prime 13 (which divides the order of ω46) to modify the nebentypus. We reduce modulo 13
and we take a minimal lift, which corresponds to a modular form fi+5 of weight 2 and level 43253.
The character giving ramification at 53 in this minimal lift, in other words, the nebentypus of fi+5,
is ω26, a quadratic character. This is a type C congruence, since the local type at 53 was modified.
Concerning the image of the residual representation ρ13(fi+4), note that by the presence of the MGD
prime 43 (and the fact that the ramification at 43 has order 11), the only possibilities are dihedral or
large. Assume that the residual image is dihedral, and callK/Q the quadratic field such that the resid-
ual representation becomes reducible when restricted to GK . This extension can only ramify at those
primes which are ramification primes for the residual representation ρ13(fi+4), that is to say, 13, 43
and 53. Since the image of the ramification at 43 has odd order, K/Q is unramified at 43. Applying
Lemma 3.1, we conclude that it cannot ramify at p = 13 (the residual Serre weight is 2). Thus, the
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only possibility is that K = Q(
√
53). But the prime 43 is split in this extension, hence the restriction
to GK of the residual representation ρ13(fi+4) (which is reducible by definition of K) must contain
the image of all the decomposition group at 43, which is absolutely irreducible. This contradiction
proves that the residual image is large.
Next we reduce again modulo 53. Here, the possible values for the Serre weight of ρ53(fi+5) (up
to twist) are (according to [Sav05]) 26 + 2 = 28 or 53 + 3− 28 = 28. By taking a modular minimal
lift, we obtain a congruence, up to twist, with a modular form fi+6 of weight 28 and level 432. This
is a type A congruence. To show that the residual image of ρ53(fi+5) is large, we need to exclude the
reducible, exceptional and dihedral cases. The first two cases are excluded because of the presence
of the MGD prime, as seen above. To exclude the dihedral case, first note that ramification at 43
has odd order, thus the only dihedral case that we have to consider is the so-called bad dihedral case,
corresponding to the quadratic extension K/Q ramifying only at the residual characteristic p = 53.
It will not suffice to use Lemma 3.1 of [Die], since in this case we have the numerical equation
53 = 2 · 28 − 3. Luckily, Lemma 3.2 of loc. cit. applies, ruling out the particular case p = 2k − 3.
Hence the residual image must be large.
fi+3 ∈ S48(432)
mod 53
TYPE A
fi+4 ∈ S2(Γ1(432 · 53))
mod 13
TYPE C
fi+5 ∈ S2(Γ1(432 · 53))
mod 53
TYPE A
fi+6 ∈ S28(432)
To reduce the weight further, we proceed as in Step 3NEW and repeat the above steps, using
different auxiliary primes. First, we reduce modulo p = 29, and consider a modular weight two lift of
level 29 ·432, and nebentypus ω26, which is a character of conductor 29 and order 14. This is a type A
congruence, and the residual image is large because the reducible and exceptional cases are excluded
by the presence of the MGD prime 43, and the dihedral case is ruled out by Lemma 3.1 of loc. cit., as
we have seen in some of the other steps above.
Next, we reduce modulo 7 and take a minimal modular lift corresponding to a modular form fi+8
of weight 2 and level 29·432, with nebentypus ω14, a quadratic character. This is a type C congruence,
since the local type at 29 was modified. To show that the image of ρ7(fi+7) is large, we discard as
usual the reducible and exceptional cases via the presence of the MGD prime 43. For the case of
dihedral image, assume that K/Q is the quadratic extension such that the residual representation
ρ7(fi+7) becomes reducible when restricted to GK . Like in other cases above, the ramification of
K/Q is limited by the ramification of the residual representation ρ7(fi+7), namely to the primes
7, 29 and 43. The extension cannot be ramified at 43 because the image of inertia at 43 has odd
order (namely 11). Lemma 3.1, together with the knowledge of the Serre weights of the residual
representation, rules out the possibility that K ramifies at 7. Hence the only possibility that remain
is K = Q(
√
29). In [Die, Section 3.7], this possibility is excluded by an argument using class field
theory. The interested reader can look up the full discussion in pag. 640 in [Die, Section 3.7].
Finally, we reduce modulo 29, and applying [Sav05] we see that the residual Serre weight, up to
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twist, is 16. Thus we get a congruence with a modular form fi+9 of weight 16 and level 432. This
is a type A congruence. Regarding the residual image of ρ29(fi+8), the MGD prime 43 ensures that
it is not reducible or exceptional, and since the order of ramification at 43 is odd, the only dihedral
case that has to be considered is the bad dihedral case. By Lemma 3.1 of [Die], we have that either
p = 2k−1 or p = 2k−3, where k = 16 is the residual Serre weight. Since in this case 29 = 2·16−3,
an application of Lemma 3.2 of [Die] provides a contradiction. Thus the residual image is large.
fi+6 ∈ S28(432)
mod 29
TYPE A
fi+7 ∈ S2(Γ1(29 · 432))
mod 7
TYPE C
fi+8 ∈ S2(Γ1(29 · 432))
mod 29
TYPE A
fi+9 ∈ S16(432)
4.8 Step 8 (cf. [Die, Section 3.8])
The purpose of this step is to introduce a nebentypus of order 8 at 17, which is necessary for the ad hoc
reasonings that enable the congruence occurring in Step 9. Thus, we consider a congruence modulo
17 with a modular form of weight 2 and level 17 · 432, with nebentypus of conductor 17 given by the
character ω14 of order 8 (cf. [Die, Section 3.8] for the existence of this modular form). This is a type
A congruence (between a Fontaine-Laffaille and a potentially Barsotti-Tate representation), and the
residual image is large (cf. Section 3.8 of loc. cit.).
4.9 Step 9 (cf. [Die, Section 3.9])
The goal of this step is to remove the MGD prime 43 from the level of the modular form produced
in Step 8. We start with a modular form fi of weight 2 and level 17 · 432 and nebentypus of order
8, ramified at 17. The residual representation modulo 11 attached to fi has large image, as proved in
page 642, [Die, Section 3.9]. Moreover, it is known that the residual representation ρ11(fi) will have
either trivial or unipotent ramification at 43 (cf. Section 3.9 of loc. cit.). In both cases (by level raising
in the first case), there exists a modular lift corresponding to a weight 2 modular form fi+1 of level
17 · 43, Steinberg locally at 43, and has a nebentypus of order 8 at 17 (cf. Section 3.9 of loc. cit.). We
have changed the local type at 43, and since we are doing a mod 11 congruence and 11 is not in the
level, both representations are Barsotti-Tate. Hence it is a type C congruence. After Step 10, we will
draw a common diagram for the congruences in Step 9 and 10.
4.10 Step 10 (cf. [Die, Section 3.10])
In this step we consider the mod 43 representation attached to the modular form fi+1 provided by the
previous step. Using direct computations, the residual representation ρ43(fi+1) has been checked to
be irreducible (cf. [Die, Section 3.10]), and using information on the ramification it can also be proved
that the residual image is large (cf. Section 3.10 of loc. cit.). We consider the Hida family containing
this residual representation (the modular form fi+1 is known to be ordinary at 43 because it has weight
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2 and is Steinberg locally at 43). We specialise at weight 44, obtaining a congruence with a modular
newform fi+2 of weight 44, and level 17, with nebentypus of order 8. This congruence is of type B.
We draw a diagram for Steps 9 and 10 together.
fi ∈ S2(Γ1(17 · 432))
mod 11
TYPE C
fi+1 ∈ S2(Γ1(17 · 43))
mod 43
TYPE B
fi+2 ∈ S44(Γ1(17))
4.11 Step 11 (cf. [Die, Section 3.11])
This step consists in checking by direct computation that the space of newforms of weight 44, level
17 with any nebentypus of order 8 at 17 consists of a single orbit, under Galois conjugation on coeffi-
cients, of modular forms. Thus, since Galois conjugation is a valid move, the chain constructed so far
links the inital modular form with any of the newforms in this space.
The goal of the last four steps is to connect a CM modular form of weight 2 and level 27 with
some modular form in the space of newforms of weight 44, level 17 with any nebentypus of order 8
at 17. Each step consists of a single congruence. We will illustrate the four congruences together in
a diagram below. We describe these four steps in reverse order, starting from the CM form, since we
do not know a priori which of the newforms in the space of newforms of weight 44, level 17 with any
nebentypus of order 8 at 17 we will hit (and it is not relevant, since any pair of modular forms in this
space is linked by a Galois conjugation).
4.12 Step 15 (cf. [Die12a, Section 3])
We start from the modular form g1 := g ∈ S2(27) with CM by the quadratic imaginary field K =
Q(
√−3) and rational coefficients. We check that there is a congruence modulo 13 with a newform
g2 of level 27 · 43, weight 2, Steinberg at 43 (the condition for level raising is satisfied, cf. [Die12a,
Section 3]). By direct computation in the space of newforms of weight 2 and level 27 · 43, we identify
the form g2 that satisfies this congruence. It has coefficient field Qg2 of degree 10. The congruence
between g1 and g2 is a type C congruence, since the local type at 43 has changed, and both forms are
Barsotti-Tate locally at 13.
Since one of the forms in the congruence has CM by the quadratic imaginary fieldK = Q(
√−3),
the projectivisation of the residual image of ρ13(g1) ≡ ρ13(g2) (mod 13) is a dihedral group, induced
from a character of GK , of order prime to 13. Therefore ρ13(g1)(GQ(ζ13)) is absolutely irreducible
(since Q(ζ13) and K are linearly disjoint). Lemma 2.11 implies that the image ρ13(f)(GQ(ζ13)) is
adequate+.
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4.13 Step 14 (cf. [Die12a, Section 3])
The 3-adic Galois representations attached to g2, corresponding to the primes of the coefficient field
Qg2 of g2 above 3, are potentially Barsotti-Tate. Moreover, there is a prime p of Qg2 dividing 3, with
inertial degree 3. Direct computations, together with Dickson’s Classification Theorem, easily give
that the image of ρp(g2) contains SL2(F27) (cf. [Die12a, Section 3]). By elementary group theory
arguments, the same holds for the restricton of ρp(g2) to Q(ζ3), thus by Lemma 4.2 this restriction
has adequate+ image.
By direct computations, we check that this residual representation has a modular lift corresponding
to a newform of level 43, Steinberg at 43 and weight 4, which we call g3. This newform has field of
coefficients Qg3 of degree 6. Moreover, it can be shown (cf. [Die12a, Section 3]) that locally at 3, the
3-adic Galois representation attached to g3 is ordinary. Thus it is ordinary and crystalline (3 is not in
the level), hence potentially diagonalizable. Thus we are in a type A congruence.
4.14 Step 13 (cf. [Die12a, Section 3])
In this step we perform a congruence mod 17 between the form g3 and a form g4 of weight 2, level
17 · 43 and nebentypus ω2, a character of conductor 17 and order 8. This is a type A congruence. In
[Die12a, Section 3], it is shown that the residual image is large.
4.15 Step 12 (cf. [Die12a, Section 3])
Recall that the newform g4 is a weight 2 form, of level 17·43, Steinberg locally at 43, and a nebentypus
at 17 of order 8. These are exactly the same conditions that appear at the beginning of Step 10. Thus,
we can reproduce the same arguments than in Section 10, to conclude that we have a congruence
with a form g5 of weight 44, level 17 and nebentypus of conductor 17 and order 8, that the residual
image in the congruence is large and that the congruence is of type B. Note that we have landed in the
single-orbit space of newforms described in Step 11, so the form g5 is conjugated to the form obtained
in Step 10.
We draw a diagram illustrating the last four steps, starting from Step 12 and ending in Step 15.
Note that this is the point where there is a type B congruence (in Step 12) that is not preceeded by a
type C congruence (see Steps 10 and 11).
g5 ∈ S44(Γ1(17))
mod 43
TYPE B
g4 ∈ S2(Γ1(17 · 43))
mod 17
TYPE A
g3 ∈ S4(43)
mod 3
TYPE A
g2 ∈ S2(3343)
mod 13
TYPE C
g1 ∈ S2(33)
Remark 4.3. Note that at any step fi ≡ fi+1 (mod pi) in the skeleton chain, if pi does not belong to
the finite list L = {7, 11, 13, 23, 43, 47, q0 , t0}, the congruence is of type A.
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Remark 4.4. In Section 6, we will need to enlarge the skeleton chain recalled above. In fact, at the
steps where a type B or type C congruence occurs in the 2-dimensional skeleton chain, we will not be
able to proceed directly in our reasonings in Section 6, and we will need to enlarge the skeleton chain
by adding several new links. More precisely, at each type C congruence between fi and fi+1 modulo
pi, we will also need modular forms f
′ and f ′′, of weight j′ belonging to the interval [2n, 2n+p2i −1],
satisfying that fi ≡ f ′ modulo pi with ρpi(fi) and ρpi(f ′) connecting locally at all primes p 6= pi and
f ′′ ≡ fi+1 modulo pi with ρpi(fi+1) and ρpi(f ′′) connecting locally at all primes p 6= pi. We will add
new links to the skeleton chain as follows:
fi
mod pi
fi+1  fi
mod pi
f ′
mod pi
fi+1
mod pi
f ′′
mod pi
fi+1
At each type B congruence, say between fi+1 and fi+2 modulo pi+1, except for the one in Step 12,
we have noted (cf. Remark 4.1) that it is preceeded by a Type C congruence fi ≡ fi+1 modulo pi. In
addition to the modifications required because of the presence of the type C congruence, we will also
need two extra modular forms, f ′′′ and f iv, with weight comprised in the interval [2n, 2n+ p2i+1− 1],
such that both ρpi+1(f
′′′) and ρpi+1(f
iv) are potentially diagonalisable locally at pi+1 and such that:
f ′′′ and fi are congruent modulo pi+1 with ρpi+1(f
′′′) connecting locally at all v ∤ pi+1 to ρpi+1(fi),
and f iv and fi+2 are congruent modulo pi+1 with ρpi+1(f
iv) connecting locally at all v ∤ pi+1 to
ρpi+1(fi+2). The modifications in the skeleton chain corresponding to both congruences fi ≡ fi+1
modulo pi and fi+1 ≡ fi+2 modulo pi+1 are the following:
fi
mod pi
fi+1
mod pi+1
fi+2  
fi
mod pi+1
f ′′′
mod pi+1
fi
mod pi
f ′
mod pi
fi+1
mod pi
f ′′
mod pi
fi+1
mod pi+1
fi+2
mod pi+1
f iv
mod pi+1
fi+2
At Step 12 we have a Type B congruence between the modular forms g5 and g4 modulo the prime
p = 43. For this step, we need a modular form f ′ of weight j′ belonging to the interval [2n, 2n +
432−1], with g5 ≡ f ′ (mod 43), and ρ43(f ′) potentially diagonalisable locally at 43 and connecting
locally at each v ∤ p to ρ43(g5). We modify the skeleton chain as follows:
g5
mod 43
g4  g5
mod 43
f ′
mod 43
g4
Using Theorem 3.9, we can construct the required modular forms for each of the steps where we
have a congruence of type B or C. Fix such modular forms for each of these steps. We will call C˜ the
extended 2-dimensional skeleton chain, obtained from C by adding all these new links as indicated
above.
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5 Preliminary steps
Assume we are given f ∈ Sk(1) a cuspidal modular eigenform and an n-dimensional RACP rep-
resentation π of GLn(AQ), which is automorphic. Let ρ•(f) and r•(π) denote the corresponding
compatible systems of Galois representations of GQ. We want to prove that the compatible sys-
tem (ρ(f) ⊗ r(π))• is automorphic, by linking it through a “safe” chain to the compatible system
(ρ(g)⊗ r(π(end)))•, where g is a certain modular form with CM (cf. Section 4) and π(end) is a suitable
RACP automorphic representation.
In these preliminary steps we want to modify the automorphic representation π and replace it
by another automorphic representation, say π′, defined over a suitable solvable CM extension of Q,
which has some good properties, and a good behavior with respect to the modular forms belonging
to the extended 2-dimensional skeleton chain C˜ (cf. Section 4). For example, for any modular form
fi ∈ C˜, we will want that the compatible system corresponding to the tensor product (ρ(fi)⊗ r(π′))•
is regular. To ensure this condition, we will impose the requirement that the weights of π′ are C0-
very spread (cf. Definition 3.2). And most importantly, we need to make sure that automorphy of the
new compatible system (ρ(f) ⊗ r(π′))• implies automorphy of our original system (ρ(f) ⊗ r(π))•.
Actually, we will proceed in three steps, passing first to a suitable π′, then to π′′, and finally to π′′′.
For the rest of the section, fix a modular form f ∈ Sk(1) and an n-dimensional RACP representa-
tion π of GLn(AQ) of weights (0, w1, . . . , wn−1), satisfying the assumptions of Theorem 1.1. Let us
recall the setting. First of all, we may assume that f has no complex multiplication. Thus, by Ribet’s
theorem, the residual image ρp(f)(GQ) is large (i.e. contains SL2(Fp)) for p sufficiently large. Recall
that we say the prime p is exceptional for f if the image of ρp(f) is not large. Moreover, the com-
patible system r•(π) is irreducible (where we use the definition in [BLGGT14, Section 5, pag. 571],
i.e. there exists a positive density set of rational primes ℓ such that rℓ,ι(π) is irreducible). In addition,
the compatible system (ρ(f)⊗ r(π))• is irreducible and regular.
As explained in Section 4, there exists a “safe” chain connecting f to a modular form g ∈ S2(27)
with CM by Q(
√−3), via a series of congruences (up to twist and Galois conjugation) modulo dif-
ferent prime numbers. We fix such a 2-dimensional skeleton chain C, and further we fix an extended
2-dimensional skeleton chain C˜ (cf. Remark 4.4).
First we define several constants that depend on the skeleton chain C, the extended skeleton chain
C˜, the dimension n and the weights {0, w1, . . . , wn−1} of the representation π. We adopt the notation
in Section 4, in particular, we denote by q0 the good dihedral prime of the chain C and t0 denotes the
order of the character giving the ramification at q0.
• L = {7, 11, 13, 23, 43, 47, q0 , t0};
• P1 := {p prime such that at (at least one) step of the chain, a congruence occurs modulo p};
• P2 := {p prime such that p is exceptional for some f ∈ C˜};
• kmax := max{k : some modular form f ∈ C has weight k};
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• wmax = max{wi : i = 1, . . . , n− 1};
• Nmax := lcm{N : N is the level of some f ∈ C˜};
• Nπ is defined as the product of the primes dividing the level of π;
• C0 := max{kmax, ℓ2 + 2n : ℓ ∈ L};
For future reference, we also fix natural numbers k′, k̂ satisfying:
• k′ > kmax + wπ;
• k̂ ≥ 2C0
• k̂ ≡ 1 (mod 42);
The number k̂ will only be used in Section 6.4, whereas k′ will already play its role in the first
preliminary step below.
5.1 First Preliminary step
For technical reasons that will be made clear in the second preliminary step, we need that the di-
mension of our automorphic representation is even. Therefore, the first modification we will do is
to tensor our compatible system r•(π) with a suitable compatible system of 2-dimensional, dihedral
representations D•, replacing r•(π) by the tensor product (r(π)⊗D)•.
However, we want to avoid dimension 8, in order to be able to apply Proposition 2.12 to the image
of the residual Galois representation attached to π. Thus, if the dimension of π is 4, we skip this step
and proceed directly to the second preliminary step.
Assume that the dimension of n is different from 4. First of all, we choose a prime ℓ satisfying:
• ℓ > kmax + wmax + k′n
• ℓ > max{p : p divides NπNmax}.
• (ℓ+ 1) ∤ (k′ − 1)n
• ℓ > 2(4n + 1)
• The restriction of the image of ρℓ,ι(f)⊗rℓ,ι(π) to the cyclotomic extension Q(ζℓ) is irreducible,
where ι : Qℓ ≃ C is a prefixed embedding.
Note that the irreducibility of the system (ρ(f) ⊗ r(π))•, together with [BLGGT14, Proposition
5.3.2], ensures that the last condition is satisfied at a density one set of primes ℓ.
We construct an induced representation of GQ as in Step 1 in the proof of Theorem 7.5 in
[BLGHT11]. Following their construction, we choose an imaginary quadratic field M which is lin-
early disjoint to the compositum of Q(ζℓ) with the fixed field of the residual representation ρℓ,ι(f)⊗
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rℓ,ι(π) (not just the factor rℓ,ι(π)), in which ℓ splits, and choose b > k′. We consider the character
θℓ : GM → Q×ℓ , chosen like in Step 1 in the proof of Theorem 7.5, which belongs to a compatible
system θ•, and let D• = Ind
GQ
GM
θ•. By quadratic base change, we have that the compatible system
(r(π)⊗D)• is automorphic.
From now on, we will work with the tensor product (r(π)⊗D)• instead of r•(π). That is to say, we
replace π by the automorphic representation π′ corresponding to the compatible system (r(π)⊗D)•.
In order to make this replacement without loss of generality, we need to check that if (ρ(f)⊗ r(π′))•
is automorphic, then (ρ(f)⊗ r(π))• is automorphic. This follows by solvable base change as in step
3 of the proof of Theorem 7.5 of [BLGHT11].
The automorphic representation π′ satisfies the following properties:
1. The dimension of the compatible system of Galois representations r•(π′) is even, equal to 2n.
2. The image of ρℓ,ι(f)⊗ rℓ,ι(π′)|Q(ζℓ) is irreducible: this follows from the last condition on ℓ and
the choice of the fieldM .
3. rℓ,ι(f)⊗ rℓ,ι(π)⊗Dℓ is regular (because of the choice of k′).
4. The prime ℓ satisfies that ℓ > kmax + wmax + k′n, and moreover ℓ is greater than the primes
dividing the levels of f or π. Thus, the representation ρℓ,ι(f)⊗rℓ,ι(π)⊗Dℓ is Fontaine-Laffaille
at ℓ.
5. Furthermore, ℓ > 2 · (4n + 1) and (ℓ+ 1) ∤ (k′ − 1)n.
5.2 Second preliminary step
Next, we want to modify the automorphic form π′ and replace it by another automorphic form π′′,
such that the residual representations are generically very big (not just irreducible) at a density one
set of rational primes, that the weights are suitably spread, and that the primes of L are Steinberg in
π′′, to mention just a few desirable properties that will be exploited in subsequent sections. In order to
modify π′, we will use existence theorems and ALT from [BLGGT14]. We need to replace the field
Q by a CM field to be able to apply these theorems. Recall that for the first preliminary step we had
fixed a large prime ℓ. Denote by Nπ′ the product of the rational primes dividing the conductor of π′,
and define
S = {ℓ} ∪ L ∪ {p : p|Nπ′}.
Lemma 5.1. There exists a solvable CM extension F/Q such that:
• F is linearly disjoint over Q from the field
Qavoid := Q(
√−3, ζ13, ζℓ,Qker ρℓ,ι(f)⊗rℓ,ι(π
′)
, ζp : p ∈ L).
• For all places v of F+ above a prime in S, v splits completely in F/F+.
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• For all places u of F above ℓ, the completion Fu of F at u contains ζℓ and rℓ,ι(π′)|GFu is trivial.
• For all p ∈ L, for all places w of F above p, rℓ,ι(π′)|GFw is trivial and the cardinality κp of the
residue field of OF /w satisfies κp ≡ 1 (mod ℓ).
• For all p ∈ Nπ′ \ L, for all places w of F above p, rℓ,ι(π′)|GFw is trivial.
Proof. First we construct the totally real subfield F+ of F , by means of [BLGGT14, Lemma A.2.1
in the appendix]. Namely, we require: (1) F+/Q is linearly disjoint from Qavoid/Q; (2) for all places
u of F+ above ℓ, F+u contains ζℓ and rℓ,ι(π
′)|G
F
+
u
is trivial; (3) for all p ∈ L, for all places w of F+
above p, rℓ,ι(π′)|G
F
+
w
is trivial and the cardinality κp of the residue field of O+F /w satisfies κp ≡ 1
(mod ℓ) and (4) for all p ∈ Nπ′ \ L, for all places w of F+ above p, rℓ,ι(π′)|G
F
+
w
is trivial.
From this point, we can argue as in Corollary A.2.3 of loc. cit. We pick an imaginary quadratic
field K such that, if we define F := K · F+, F is linearly disjoint from Qavoid, and all primes in the
set S are split in K/Q. It is clear that such a K exists, for the first condition it is enough to pick K
linearly disjoint from F+ ·Qavoid. Then, the primes in S are split in F/F+, and all the required local
conditions are satisfied over F since we know that they hold over F+.
We consider the base change π′F to the field F of the automorphic representation π
′. (π′F , µ)
is a polarised automorphic representation for a certain algebraic character µ. The next step is to
apply Theorem 4.4.1 of [BLGGT14] to the compatible system attached to (π′F , µ), to produce an
automorphic lifiting of rℓ,ι(π′F ) with suitable level and weight. Note that the prime ℓ satisfies that
ℓ > 2(2n + 1) (with 2n equal to the dimension of rℓ,ι(π′F )), ζℓ 6∈ F , all primes λ|ℓ of F are split in
F/F+.
Label each possible combination of Jordan blocks in GL2n, indexed by a finite set I , and for each
i ∈ I , choose a different prime pi > sup{C0, p : p|Nπ′} which is split in F/F+, and satisfying that
the cardinality κpi of the residue field of OF /w satisfies κpi ≡ 1 (mod ℓ). (The existence of such
primes is guaranteed by Chebotarev Density Theorem applied over Q).
Let Z := {pi : i ∈ I}, and define
S := {ℓ} ∪ Z ∪ L ∪ {p : p|Nπ′} (5.1)
Note that all λ|ℓ are split in F/F+, and that, for all v|p ∈ S, v is split in F/F+. For each p ∈ S,
we choose a place v˜ above p.
The residual representation r = rℓ,ι(π′F ) satisfies that (r, µ) is an automorphic, potentially diag-
onalisable polarised representation mod ℓ, unramified outside S, and r|GF (ζℓ) is absolutely irreducible.
We prescribe the following local conditions:
• At v|ℓ, we prescribe the ordinary, crystalline lift ρv = 1⊕ εaℓ ⊕ · · · ⊕ ε(2n−1)aℓ , where a is some
chosen integer greater than C0 and divisible by 2n.
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• At v|p ∈ L, we prescribe π′′v to be an unramified twist of the Steinberg representation of
GL2n(Fv). Via the local Langlands correspondence, we are prescribing a lift ρv which is uni-
potent with a unique Jordan block.
• At v|pi for i ∈ I , we choose the lift ρv as an unipotent with the Jordan block decomposition
corresponding to i ∈ I .
• At v ∈ Nπ′ \L we choose the lift ρv = Id (recall that by definition of F , rℓ,ι(π′)|GFv is trivial).
By Theorem 4.4.1 of [BLGGT14], there exists a RACP automorphic representation (π′′, µ) of
GL2n(AF ) such that the compatible system r•(π′′) satisfies:
• The Hodge Tate weights of r•(π′′) are C0-very spread.
• The primes in L are Steinberg in r•(π′′).
• At the primes of Z , r•(π′′) has unipotent ramification with all possible Jordan block decom-
positions.
• r•(π′′) is unramified outside the primes of L ∪ Z . In particular, det ◦r•(π′′) is unramified
outside the residue characteristic. In fact, for any prime t not dividing the level of π′′, the
determinant of rt,ι(π′′) equals εkt · α, where α is an unramified character of GF , εt denotes the
mod t cyclotomic character, and k is an integer divisible by 2n.
Remark 5.2. For a detailed exposition of the level raising at the primes in L and Z , we refer to
[CT14, Prop. 5.2] and [CT15, Section 6], where a similar situation is considered.
Theorem 5.3. Let P be the set of rational primes that are totally split in F . Then the compatible
system r(π′′)• described above satisfies that for each p ∈ P except for a density zero set of rational
primes, the image of the residual representation rp,ι(π) contains SL2n(Fp) or SU2n(Fp).
Proof. For each prime ℓi ∈ L, and each v|ℓi, the representation π′′v is Steinberg. Since the repres-
entations rp,ι(π′′) are semisimple (cf. Thm. 2.1.1 of [BLGGT14]), we obtain that, if p 6= ℓi, rp,ι(π′′)
contains an irreducible subgroup. Since the set L has more than one element, this ensures (absolute)
irreducibility of rp,ι(π′′) for all primes p. By Proposition 5.3.2 of [BLGGT14], we have that, for a
density one setM of rational primes, the corresponding residual representation rp,ι(π′′)|F (ζp) is irre-
ducible. This is one of the conditions required to apply Theorem 4.4.1 of [BLGGT14]. By removing
a finite set of primes from M, we can assume that for all primes in M, the corresponding Galois
representation is Fontaine-Laffaille (which ensures potential diagonalisability, which is also required
in Theorem 4.4.1 of loc. cit.), p > 2(2n+1) and ζp 6∈ F . LetM′ be the subset of primes ofM which
are totally split in F/Q.
We perform now a level lowering argument (cf. Lemma 5.2 in [AdRDSW15]) to show that there
is at most a finite subset P of M′ such that the unipotent ramification of rp,ι(π′′) locally at pi ∈ Z
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for p ∈ P becomes smaller in rp,ι(π′′). We detail this argument. Let pi ∈ Z correspond to the Jordan
block decomposition Ji, i.e. the image of the chosen lift ρpi at the prime pi in the second preliminary
step corresponds to Ji. Denote by J i ⊂ GL2n(Fp) the reduction of Ji modulo a prime p|p of F .
Assume that there exist infinitely many primes p ∈ M′ such that the image of ρp,ι(Ipi) is a
proper subgroup of J i. We can assume, without loss of generality, that these images coincide for
infinitely many primes p. For each such prime, we prescribe a minimal lift locally at pi and we may
apply Theorem 4.4.1 of [BLGGT14] to produce another automorphic representation, say π(p), such
that r(π′′)• and r(π(p))• are connected at all primes different from pi, but with different types at
primes v|pi. Since the new family of automorphic representations {π(p)}p have the same infinitesimal
character at∞, fixed ramification set and fixed types at ramified primes, the finiteness result of Harish-
Chandra imply that one of them occurs infinitely often, that is, there exists a representation Π and an
infinite set of primes p such that Π = π(p). As a consequence, we obtain infinitely many congruence
conditions between the compatible system r(π′′)• and r(Π)•, implying that rp,ι(π′′) and rp,ι(Π) are
isomorphic. But their types at pi are different by construction, which is a contradiction.
Thus, we have that, except for finitely many primes p ∈ M′, the image of rp,ι(π′′) contains
unipotent elements of each possible Jordan form. Moreover, taking into account that p > 2(2n + 1),
and noting that the irreducibility of the image ensures that it does not contain a non-trivial normal
subgroup consisting of unipotent elements, we conclude that Theorem 2.1 applies, yielding the desired
result.
Remark 5.4. Note that by ALT-PD, the automorphy of (ρ(f) ⊗ r(π′′))• implies the automorphy of
(ρ(f) ⊗ r(π′))•, thus we may replace π′ by π′′ for our purposes. Let us explain that all conditions
required for the application of this theorem are satisfied in this congruence modulo ℓ. First of all, the
prime ℓ satisfies ℓ > 2(4n+1). Concerning the residual image, over Q(ζℓ) it is absolutely irreducible
as noted in the list of properties of π′ (item 2), and then using the first listed property of the field F
we deduce that after restricting to the absolute Galois group of F (ζℓ) the residual representation
is still absolutely irreducible. Both tensor products are regular: for the one containing π′ this was
already noted in the list of properties of π′ (item 3), and for the other one it follows from the choice
of Hodge-Tate weights in the local parameters at primes dividing ℓ in the construction of π′′. Finally,
both tensor products are pot. diag. at primes above ℓ: again, for the one containing π′ this was noted
(we noted that it was Fontaine-Laffaille over Q, and pot. diag. is preserved by base change) and for
the other one it follows from the local parameters at primes dividing ℓ chosen when constructing π′′
(together with the fact that the 2-dimensional component is Fontaine-Laffaille over Q).
5.3 Preliminary step 3
In this step we want to perform a level raising in order to add a good monomial prime q to the
compatible system. That is to say, we will introduce a specific type of ramification at a well-chosen
prime q, that will ensure that, at all the steps in the chain, we will have residually large image in the
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2n-dimensional component. The concept of good monomial prime, which was first used in [KLS08],
has its roots in the good dihedral prime appearing in the proof of Serre’s Conjecture.
We need to introduce some terminology. Let t, q be two different odd primes, satisfying that
the order of q mod t is 2n. If Qq2n denotes the maximal unramified extension of Qq of degree
2n, and ℓ denotes an odd prime different from t and q, we may consider a character χq : Q
×
q2n ≃
µq2n−1 × U1 × qZ → Q×ℓ such that the following properties hold:
• the order of χq is 2t;
• The restriction of χq to µq2n−1 × U1 has order t;
• χq(q) = −1.
Via local class field theory, we may identify χq as a character of the absolute Galois group GQ
q2n
.
Then the representation ρq := Ind
Qq
Q
q2n
: GQq → GL2n(Qℓ) is irreducible, and, for every ℓ 6= q, t
its mod ℓ reduction ρq : GQq → GL2n(Fℓ) has image equal to a (2n, t)-group (cf. Section 2.1, or
[KLS08, Section 2] for the definition of (n, p)-group).
This local representation can be exploited to ensure large image in a compatible system of Galois
representations. Namely, let (ρλ)λ be a compatible system of λ-adic Galois representations (as in
[BLGGT14, Section 5]), where λ runs through the finite places of a number fieldM , and assume that,
for all λ ∤ q, the restriction of ρλ to a decomposition group at q equals ρq = Ind
Qq
Q
q2n
χq. For our
applications, we want to ensure that, for all primes ℓ up to a certain bound, the image of ρλ is large
(i.e., satisfies the conclusion of Theorem 2.3).
Proposition 5.5. Let n,W ≥ 2 be natural numbers, and let d(2n), p(2n) be the constants from
Theorem 2.3. Let F be a number field, and K/F be the compositum of all field extensions of F of
degree at most d(2n)+ 1 which are unramified outside the primes above all p ≤W and∞. Let (t, q)
be a couple of prime numbers satisfying that q > W splits completely in K/Q, t ≡ 1 (mod 2n),
t > max{d(2n) + 1, p(2n),W} and the order of q mod t is exactly 2n.
Let (ρλ)λ be a compatible system of Galois representations ρλ : GF → GL2n(Qλ), indexed by
the set of primes λ of a certain number field M , with ramification set S. Assume that all primes v in
S, say v|p, satisfy p ≤ W except when p = q. Furthermore, assume that for all places λ of M with
λ ∤ q,
ResGFGFqi
(ρλ) = Ind
GQq
GQ
q2n
(χq)⊗ α,
where:
• qi is any prime above q, and we identify Fqi with Qq via a natural isomorphism;
• χq : GQ
q2n
→ Z× satisfies that, via the embedding Z → Q×ℓ given by λ, is a character as
described above;
• α : GQq →M×λ is an unramified character.
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Then, for all ℓ ≤ W prime and λ|ℓ, the residual image ρλ(GF ) ⊂ GL2n(Fℓ) satisfies the conclu-
sion of Theorem 2.3.
Proof. Let us fix a place λ|ℓ with ℓ ≤W , and let let L be the field cut out by ρλ, so that Γ := Imρλ ≃
Gal(L/F ). Since ℓ ≤ W < q, we have that ResGFGFqi (ρλ) = Ind
GQq
GQ
q2n
(χq) ⊗ α, and in particular
ρλ(GFqi ) ⊂ Γ is a (2n, t)-group. We will show that ρλ(GFqi ) ⊆ Γd(2n)+1 (where Γd(2n)+1 is the
intersection of all normal groups of Γ of index at most d(2n) + 1), and the conclusion will follow
from Theorem 2.3, taking d = d(2n) + 1 > d(2n), p = t > p(2n), and ℓ, which is different from p
because ℓ ≤W < t = p.
Let us fix a normal subgroup H of Γ of index at most d(2n)+1; it suffices to show that ρλ|GFqi ⊆
H . Let LH/F be the extension afforded by H; we have that LH/F is a finite Galois extension of
degree at most d(2n)+1. Since ρλ ramifies only at the primes of S, we have that LH/F is unramified
outside S ∪ {∞}. Moreover, since ρλ|IFqi has order t > d(2n) + 1, we can conclude that LH/F
is unramified at qi for all qi|q. Therefore, the extension LH/F is a subextension of K/F . Since q
is completely split in K/Q, it is also completely split in LH/F . Thus the decomposition group of
L/LH at each prime above q can be identified with the decomposition group of L/F at each prime
above q. Thus ρλ(GFqi ) →֒ H , as we wanted to prove.
Remark 5.6. For each n, W as above, the existence of the couple (q, t) is guaranteed by [KLS08,
Lemma 3.4]
Given the automorphic representation π′′ produced in the second preliminary step, we want to
apply a level raising result to introduce a good monomial prime q that will ensure that the residual
image is large at (almost) all characteristics that we need to work with. In order to do this, we need
to take into account some quantities related to the representation π′′, and some further quantities
related to the 2-dimensional skeleton chain. Recall that in Remark 4.4 we had defined the extended
2-dimensional skeleton chain C˜. Moreover, before the first preliminary step in Section 5, we also fixed
a constant k̂. We further define
• C1 := sup({kmax, wmax, 2(4n+1), (2n− 1)k̂, 2nC0}∪P1 ∪P2 ∪{n+ ℓ2 : ℓ ∈ L}∪Z)+ 1.
Let B > C1 be such that there exist at least 15 auxiliary primes ti between B and 2B which are
totally split in F/Q. For future reference, denote this set of auxiliary primes as Taux. Let us also
define Comp as the compositum, inside a fixed algebraic closure of F , of all extensions of F which
are of degree at most the maximum between d(2n)+ 1 and p(2n) and ramified only above the primes
p ≤ 2B and∞.
We need to specify a couple of primes (t, q) in order to add the good monomial prime to π′′ with
respect to the boundW = 2B. More precisely, we want to obtain another automorphic representation
π′′′ such that, for ℓ ∤ tq, locally at a prime q above q, the representation rℓ,ι(π′′′) contains a (2n, t)-
group, while at all primes v of F which are not above q, rℓ,ι(π′′)|GFv and rℓ,ι(π′′′)|GFv are connected.
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This level raising will be achieved through an application of Theorem 4.4.1 of [BLGGT14], via a
congruence modulo a prime t above t. In order to apply this theorem, we need that t satisfies the
following hypotheses:
1. t > 2(4n + 1) (in fact, t > 2(2n + 1)) would be enough, but we impose a stronger condition
that will be required later);
2. ζt 6∈ F ;
3. t is completely split in F/Q;
4. r(π)t,ι is potentially diagonalisable (this will be implied by inequality 6 below);
5. r(π)t,ι|GF (ζt) irreducible. In order to guarantee this condition, we will require the prime t to
satisfy the stronger condition in the conclusion of Theorem 5.3.
Besides, we will require several additional conditions on the size of t, that will be used later in our
constructions:
6. t > 2C1.
7. t > max{d(2n) + 1, p(2n)} from Theorem 2.3.
8. t big enough so that if, for any p < 2B, forG ∈ {SL2n(Fpr),SU2n(Fpr), Sp2n(Fpr),Ω±2n(Fpr)}
satisfying that G contains an element of order t, then the exponent r is big enough so that G is
adequate+. (cf. Theorem 2.8 and Proposition 2.12).
9. The cardinality of PSL2n(Ft) is greater than the cardinality of the Galois group of Comp over
F .
Furthermore, we will ask a good behaviour of the prime t with respect to F and π′′, namely
10. t is completely split in H/Q, where H is the Hilbert class field of F ;
11. t is completely split in the coefficient field of π′′ over Q.
Finally, we need the condition
12. t ≡ 1 (mod 2n) in order to apply Proposition 5.5.
The existence of a prime t satisfying all these conditions follows from the following lemma, which
we label for future reference.
Lemma 5.7. There exists a positive density of primes t satisfying the 12 conditions listed above.
Proof. The proof follows from Chebotarev’s Density Theorem, together with Theorem 5.3.
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Remark 5.8. Condition 11 in Lemma 5.7 implies that the image of r(π′′′)t,ι will be contained in
GL2n(Ft). This property will be exploited in Lemma 5.9 below.
Next we want to specify the prime q, depending of a given prime t as in the conclusion of Lemma
5.7. Let us collect all conditions we want to impose to it (cf. Proposition 5.5).
• q > 2B;
• q completely split in Comp/Q;
• the order of q mod t is exactly 2n;
Note that this last condition can be reformulated as follows: Frobq ∈ Gal(Fq(ζt)/Fq) has order
exactly 2n. In fact, since q will be completely split in Comp/Q, it will also be completely split in
F/Q, thus the residue field of F modulo any prime q above q will be Fq; denoting by κ(Fq) the
residue field of Fq, we get that the last condition is equivalent to
• For any prime q above q, we have that Frobq ∈ Gal(κ(Fq)(ζt)/κ(Fq)) has order exactly 2n.
Since we want that the representation r(π′′′)t,ι connects locally at q with a lift providing a (t, 2n)-
group, we need a compatibility relation between the reduction r(π′′)t,ι and the reduction of such a
local parameter at q modulo t. We specify this relation. Let M be the subfield of F cut out by the
residual representation r(π′′)t,ι, and L the subfield of M cut out by the determinant of r(π′′)t,ι. The
condition we need is that q is completely split in L/F and the order of the Frobenius element at q
in Gal(M/L) equals 2n (which implies that, up to conjugation, Frobenius at q acts as a permutation
matrix inM/F ).
Lemma 5.9. Let F be a number field such that ζt 6∈ F , and let ρ : GF → GL2n(Ft) be a continuous
representation such that the determinant det ρ = α · εkt , where k is a multiple of 2n, α : GF → F×t is
an unramified character and εt denotes the mod t cyclotomic character. Assume further that the image
of ρ(GF ) contains SL2n(Ft) and that t is totally split in the Hilbert class field H of F . Then for any
Galois extension Favoid/F of order less than the cardinality of PSL2n(Ft), which is unramified at t,
there exists a positive density of rational primes q, completely split in F/Q, satisfying the following:
There is a prime q|q of F such that:
1. q is completely split in Favoid/F ;
2. Frobq ∈ Gal(F (ζt)/F ) has order exactly 2n;
3. Frobq ∈ Gal(Mρ/F ) has order exactly 4n, where Mρ is the subfield of F cut out by the
representation ρ.
Proof. The strategy of the proof will be to prescribe the image of Frobq ∈ GF in several, linearly
disjoint finite extensions of F , by means of Chebotarev’s Density Theorem. Recall that the condition
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that q is completely split in a finite Galois extension F ′/F amounts to asking that the conjugacy class
of Frobq in Gal(F ′/F ) is the class of identity.
First of all, note that we may assume, without loss of generality, that det ρ = εkt . Indeed, if this is
not the case, we replace F byH and Favoid by the compositum FavoidH . On the one hand, let us check
that all conditions of the Lemma are still satisfied. Since t is unramified in H/F , ζt 6∈ H . Moreover,
ρ(GH) still contains the quasi-simple group SL2n(Fℓ). The extension FavoidH/H is unramified at t
and the order of FavoidH/H is less than the cardinality of PSL2n(Ft). On the other hand, assume we
produce a positive density of rational primes q, completely split in H/Q, such that for some prime
q|q, then q is completely split in FavoidH/H and the two conditions on Frobq hold. Then denoting by
q also the prime of F below q, we have that q is completely split in Favoid/F (because it is completely
split in H/Q and FavoidH/H . The fact that H/F is unramified at t implies that F (ζt)/F and H/F
are linearly disjoint, so condition 2 holds. For the third condition, note that q is totally split in H/F ,
hence the decomposition groups at q ofMρH/H andMρ/F are isomorphic.
Since t ≡ 1 (mod 2n), there exists some σ ∈ Gal(F (ζt)/F ) of order exactly 2n. We prescribe
that Frobq lies in the class of σ (Condition 1).
Next, let L ⊂ Mρ be the subfield cut out by det ρ = εkt . Then L/F is a Galois extension, and
we prescribe that Frobq = 1, that is to say, q completely split in L/F (Condition 2). Note that this
condition is compatible with the previous one. Indeed, if L/F is linearly disjoint with F (ζt)/F , there
is nothing to prove. Otherwise, we need to see that if we prescribe that Frobq has order exactly 2n
in the extension F (ζt)/F , then Frobq has order 1 in L ∩ F (ζt)/F . Indeed, assume that the order of
Frobq has order exactly 2n in the extension F (ζt)/F . On the one hand, q2n ≡ 1 (mod t) since q is
completely split in F . On the other hand, 2n|k implies that Frobq ∈ ker εkt . Thus Frobq acts trivially
on L, in particular it belongs to the conjugacy class of the identity on (L ∩ F (ζt))/F .
Thus, conditions 1 and 2 allow us to prescribe a behaviour of Frobq in the extension L(ζt)/L
and L/F . Next we want to prescribe the class of Frobq in the extension Mρ/L. Let us check that
this extension is linearly disjoint from L(ζt)/L. Indeed, if there were some intersection, say F ′,
then Gal(Mρ/F ′) would be a normal subgroup of Gal(Mρ/L) ≃ SL2n(Ft). But the only normal
subgroup is {±1}, which would yield Gal(L(ζt)/L) ≃ PSL2n(Ft), a contradiction since L(ζt)/L is
cyclic. This reasoning shows that we may prescribe any conjugacy class for Frobq in Gal(Mρ/L),
and it will be compatible with conditions 1 and 2.
Let us choose the element σ corresponding to the permutation matrix


0 0 · · · 0 −1
1 0 · · · 0 0
...
...
. . . 0 0
0 0 · · · 1 0


This element has order exactly 4n. We prescribe that the class of Frobq in Gal(Mρ/L) belongs
to the class of this element (Condition 3).
Conditions 1, 2 and 3 ensure thatFrobq has the desired behaviour in the extensionGal(Mρ(ζt)/F ).
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It remains to see that this behaviour is compatible with the condition of q being completely split in the
extension Favoid/F .
If Mρ(ζt)/F is linearly disjoint with Favoid/F , we are done. Otherwise, assume that F1 =
Mρ(ζt) ∩ Favoid is different from F . Recall that Gal(Mρ(ζt)/F ) is a subgroup of Gal(Mρ/F ) ×
Gal(F (ζt)/F ) ⊂ GL2n(Ft)×Gal(F (ζt)/F ).
Let us consider the quotient mapGal(Mρ(ζt)/F )→ Gal(F1/F ). We have thatGal(F1/F ) either
contains SL2n(Ft), PSL2n(Ft), or is a direct product of cyclic groups Z/rZ× Z/sZ, where s = 1 or
t. The first case cannot happen because ♯Gal(F1/F ) ≤ ♯Gal(Favoid/F ) < ♯(PSL2n(Ft)), where the
last inequality holds by hypothesis.
Hence Gal(F1/F ) ≃ Z/rZ × Z/sZ, which implies the inclusion F1 ⊂ L · F (ζt). But both
extensions L/F and F (ζt)/F are unramified outside t, hence F1/F only ramifies at t. But since
F1 ⊂ Favoid, t cannot ramify in F1/F . We conclude that F1/F is an abelian extension, everywhere
unramified, hence F1 is contained in the Hilbert class field of F . Since we assumed at the beginning
of the proof that F coincides with its Hilbert class field, we can conclude that F1 = F , so that the
extensions Mρ(ζt)/F and Favoid/F are linearly disjoint, thus finishing the proof.
We consider a prime ℓ = t as in Lemma 5.7, and for such a t the residue representation rt,ι(π′′) :
GF → GL2n(Ft). Note that we can apply Lemma 5.9 to this data, since π′′ was constructed so that
the determinant of rt,ι(π′′) equals εkt · α, for some unramified character α and a certain exponent k
divisible by 2n (see the list of conditions just before Remark 5.2).
Thus we can choose a prime q as in Lemma 5.9. We are now ready to apply Theorem 4.4.1
of [BLGGT14] and produce the desired automorphic representation π′′′. The set S consists of the
union of L, Z and all primes of F above t and q. Recall that, by Condition 5, the image of rt,ι(π′′),
even when restricted to GF (ζt), is irreducible. For each prime v above q, we fix a lifting ρv : GFv →
GL2n(OQt) given by the induction fromGQq2n toGQq of a character χq of order 2t as in the statement
of Proposition 5.5. For every prime v|t and v ∈ L∪Z we propose the same local parameter ρv than the
one obtained from π′′. Note that t is unramified in F , and by Condition 6, t is greater than the weights
of π′′, so we are in a Fontaine-Laffaille situation, and in particular ρv is potentially diagonalisable
for all v|t. Applying Theorem 4.4.1 of loc. cit. we obtain another automorphic representation π′′′,
satisfying the following list of conditions:
1. The Hodge-Tate weights of π′′′ are C0-very spread;
2. π′′′ is unramified outside of {q} ∪ L ∪ Z;
3. The primes of L are Steinberg in r•(π′′′);
4. r•(π′′′) has a good monomial prime at q (i.e., the local parameter at q is as described at the
beginning of this subsection);
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5. For all primes p < 2B, an application of Theorem 2.3 and 5.5 yields that the image of rp,ι(π′′′)
contains SL2n(Fpr), SU2n(Fpr), Sp2n(Fpr) or Ω
±
2n(Fpr) and is contained in the normaliser of
this group, where the exponent r is big enough so that the image is adequate+ by Proposition
2.12 (which follows from the size of t, see condition (8) in the choice of t).
Remark 5.10. Note that by ALT-PD applied in residual characteristic t, the automorphy of ρ•(f)⊗
r•(π′′′) implies the automorphy of ρ•(f) ⊗ r•(π′′), thus we may replace π′′ by π′′′ for our purposes.
The conditions required to apply this theorem are easy to check. The weights on the two sides of this
congruence are the same, and regularity of the side containing π′′ was already noted in the previous
subsection. As observed in the previous paragraph, the t-adic Galois representations corresponding
to π′′ and π′′′ are pot. diag., and since the same holds for the 2-dimensional component (because of
Condition 6, t > 2C1, thus it lies in the Fontaine-Laffaille range) the two tensor products representa-
tions are pot. diag. By Condition 1 on t we know that t > 2(4n + 1). Finally, for the residual image,
one component has residual image that lies between SL2n(Ft) and GL2n(Ft) with n > 1, and the
other component has an image that contains SL2(Ft) because of Condition 6 on t. Thus the residual
image of the tensor product is clearly sufficiently large. We conclude that ALT-PD can be applied.
Remark 5.11. We constructed the representation π′′′ in such a way that, for all primes p ≤ 2B, we
can ensure that the image of rp,ι(π
′′′) is large. Moreover, any other representation πiv which has the
same type as π′′′ at q, and such that the primes in the ramification set of πiv are smaller than 2B, will
also have large image residual image at the primes p ≤ 2B. At some places in Section 6, we will be
forced to modify the representation π′′′ and replace it by another one; as long as we can guarantee
that the ramification set of the new representation only contains primes smaller than 2B, we will be
able to make use of Proposition 5.5 to ensure that the image is still large.
6 The 2n-dimensional chain
Recall that in Section 4, we considered the chain of modular forms
C = {f1, . . . , fh}, (6.2)
which connects the given modular form f = f1 with a modular form fh with CM by Q(
√−3).
Recall that we are also given an automorphic representation π of GLn(AQ). Our aim is to prove
that the compatible system of Galois representations (ρ(f) ⊗ r(π))• = (ρ(f)ℓ,ι ⊗ rℓ,ι(π)) is auto-
morphic.
The key idea is to consider a chain of representations
{ρ(f1)⊗ r(π), . . . , ρ(fi)⊗ r(π(j)), . . . , ρ(fh)⊗ r(π(end))}, (6.3)
such that we can propagate automorphy from the right to the left. This process begins with the three
Preliminary Steps of the previous section, after which the automorphic form π is changed by π′′′.
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Observe that at this point (see previous section), objects are only defined over a suitable solvable ex-
tension F of Q. After this, we attempt to move the 2-dimensional component in the safe chain that
ends at the CM form fh leaving the other component unchanged, but this is only possible at steps
where the congruence in the 2-dimensional component is of Type A (cf. Section 4). The problem
with the other cases (congruence of Type B or C) is that the available automorphy lifting theorems
(e.g. Theorems 3.4 and 3.6) do not apply to propagate automorphy of the tensor product (from the
right to the left). The idea to cope with this problem is to produce a refinement of the chain 6.2 and
then to introduce several auxiliary steps at each of the conflicting spots, steps consisting in congru-
ences where either the 2-dimensional, the 2n-dimensional, or both components will change, in such
a way that some ALT can be applied in each of these intermediate steps. The congruences in these
additional steps will occur modulo primes belonging to the set P1 of primes p such that some of the
congruences in the skeleton chain occurs modulo p, or belonging to the set Taux of auxiliary primes
fixed in the third preliminary step (subsection 5.3).This will be explained in full detail in the diagrams
appearing in this section.
Of course, in order to conclude automorphy of these tensor products, this should be known at the
rightmost one, i.e., we need to know that (ρ(fh) ⊗ r(π(end)))• is automorphic. Since automorphy is
preserved by solvable base change (cf. [BLGGT14, Lemma 2.2.2]), we may look at the restriction of
the system toGF (
√−3). Since ρ(fh) is the induction of a Hecke character fromQ(
√−3), automorphy
follows from the automorphy of r•(π(end)) and [BLGGT14, Lemmas 2.2.1 and 2.2 4].
Before starting the analysis of each congruence, let us make some general remarks on the residual
image of the representations that appear in the chain. For the three Preliminary Steps, it was already
checked in the previous section that a suitable ALT can be applied, in particular, residual images were
taken care of. So we can start with the automorphic form π′′′ in the 2n-dimensional component.
Remark 6.1. Let p be a prime belonging to the set P1 of primes such that some of the congruences in
the skeleton chain occurs modulo p, or to the set Taux of auxiliary primes fixed in the third preliminary
step (subsection 5.3).
Concerning the residual image of the 2-dimensional component, we already discussed in Section
4 that, if p ∈ P1, ρp,ι(f)|GQ(ζp) is adequate+ (cf. Remark 4.2). We need to examine the restriction
of ρp,ι(f) to GF (ζp). Recall that, except at Step 15, we have that ρp,ι(f)(GQ(ζp)) contains SL2(Fpr),
where the exponent r is big enough to ensure that the group is adequate+. Since F+/Q is totally real,
we have that ρp,ι(f)(GF+) also contains SL2(Fpr), with the same r as before (cf. [Die12b]). Finally,
since the extension F (ζp)/F
+ is abelian, we obtain that the image ρp,ι(f)(GF (ζp)) also contains
SL2(Fpr) for the same exponent r. As a conclusion, the residual image of the restriction of ρp,ι(f) to
the absolute Galois group of F (ζp) is also adequate+. Note that, in particular, this applies at the Step
14, where the congruence takes place modulo 3 and the image of the residual representation contains
the subgroup G = SL2(F33), which is adequate + by Lemma 2.7. In Step 15, we have a mod 13
congruence with a modular form g with CM by Q(
√−3). Since the field F was chosen in such a way
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that F/Q is linearly disjoint from Q(
√−3, ζ13), we can ensure that the image of the restriction of
ρ13,ι(f) to GF (ζ13) is still a dihedral group, hence adequacy+ is preserved under this operation.
If p ∈ Taux, in particular it holds that p > B, in particular p is greater than all the exceptional
primes of all modular forms that appear in the extended 2-dimensional chain C˜ (such primes where
collected in the set P2 in Section 5). Thus the image of ρp,ι(f) contains SL2(Fp) and p > 3, and from
this again we can deduce that the image ρp,ι(f)(GF (ζp)) also contains SL2(Fp), and this guarantees
(since p > 5) that this image is adequate+ by Lemma 2.7.
Concerning the 2n-dimensional component, as we already observed, the Good Monomial prime
occurring in r•(π′′′) ensures that, for all primes p ≤ 2B (in particular, for our prime p), the residual
image of rp,ι(π
′′′) satisfies the conditions of Proposition 2.12 and is thus adequate+. The restriction
to GF (ζp) remains adequate+, since this restriction clearly still satisfies the conditions of Proposition
2.12. Finally, for all but the last step, knowing that the image in the 2-dimensional component contains
SL2(Fpr) and is contained in GL2(Fpw), and the image in the 2n-dimensional component (2n > 2)
contains a classical group SL2n(Fpk), SU2n(Fpk), Sp2n(Fpk) or Ω
±
2n(Fpk) and is contained in its
normaliser in GL2n(Fpw), they can only intersect in the quotient corresponding to the determinant.
Remark 2.13 ensures that the image of the tensor product (ρp,ι(f)⊗ rp,ι(π′′′))|GF (ζp) is adequate+.
For the last step, none of the results in Section 2 apply to deduce that the residual image of the
tensor product is adequate. The problem is that we can not apply Remark 2.13 because when restrict-
ing to the extension that kills the determinant of the 2-dimensional representation this representation
may not stay irreducible, thus it may not be adequate. So we need a special argument, and we use the
following result which was communicated to us by R. Guralnick:
We use the notation in [GHT17]: Let G denote the residual image in the last congruence, defined
over a finite field L of characteristic 13. This group is a tensor product of a dihedral group and
a group containing a classical group as in Proposition 2.12. Then G+ is a classical group on the
natural module. LetH be the classical group over the algebraic closure of L containing G+ and note
that this is unique (because it is the group preserving the alternating form or quadratic form, or for
SU and SL it is SL(V )). Since G normalizes H we get an algebraic group X := GH with connected
component H and [X : H] of order prime to 13 because G/G ∩H has order prime to 13 (the image
of the dihedral 2-dimensional residual representation has order prime to 13). Thus by Lemma 2.10,
it suffices to check that H(L) is adequate+. Now, by Condition 8 in the choice of the prime t in
the Preliminary Step 3 in subsection 5.3, all classical groups in dimension 2n and characteristic 13
containing an element of order t are forced to be defined over a field L of degree sufficiently large to
enable us to apply Theorem 2.8 and conclude that H(L) is adequate.
This remark is extremely important because it ensures that in what follows in each congruence the
residual image of the tensor product is large enough for the required ALT to be applied (from right to
left).
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6.1 Standard step: type A congruence
To simplify notation, we call π = π′′′ the automorphic form obtained after the three preliminary steps
(cf. Section 5).
To fix ideas, we will first describe how can we propagate automorphy from right to left when in the
two-dimensional skeleton chain we have a type A congruence. The situation is the following: we
have a congruence between two modular forms, say f and f ′ modulo some p ∈ P1, and we know that
(ρ(f ′) ⊗ r(π))• is automorphic. Thus we have that the residual representation ρp,ι(f ′) ⊗ rp,ι(π) ≡
ρp,ι(f) ⊗ rp,ι(π) is automorphic. We want to apply Theorem (ALT-HARRIS) with R = ρp,ι(f),
R′ = ρp,ι(f ′), S = S′ = rp,ι(π) to prove that the compatible system (ρ(f)⊗ r(π))• is automorphic.
Let us check that all hypotheses in this theorem are satisfied.
First of all, note that all primes in P1 (primes where the congruences of the chain take place); in
particular, our prime p, are odd. Furthermore, by the choice of F , we know that ζp 6∈ F . We have
n0 = 2, n1 = 2n, therefore the condition p ∤ n0 is satisfied. Moreover:
1. We can ensure that the compatible system (ρ(f ′) ⊗ r(π))• is regular, because the Hodge-Tate
weights of π are C0-very spread, so we don’t lose regularity by tensoring with ρ•(f ′), whose
Hodge-Tate weights are smaller than or equal to C0. Moreover, as explained in Remark 3.8 the
extra regularity condition required in this ALT is satisfied. The same applies to (ρ(f)⊗ r(π))•
2. The assumption of a type A congruence implies that ρp,ι(f) and ρp,ι(f ′) are potentially diag-
onalisable at all places v|p.
3. Furthermore, for each finite places v ∤ p of F , the representations ρp,ι(f)|Gv and ρp,ι(f ′)|Gv are
connected.
4. Concerning the residual image, we already discussed in Remark 6.1 above that the image of
(ρp,ι(f)⊗ rp,ι(π))|GF (ζp) is adequate+.
Thus all conditions in Theorem (ALT-HARRIS) hold, and we can conclude that the compatible
system (ρ(f)⊗ r(π))• is automorphic.
In the moves where the 2-dimensional skeleton chain presents a congruence of types B or C
between f and f ′, the previous reasoning does not work. We will introduce some new steps
(ρ(f)⊗ r(π))• ∼ (ρ(f (1))⊗ r(π(1)))• ∼ · · · ∼ (ρ(f (r))⊗ r(π(r)))• ∼ (ρ(f ′)⊗ r(π(r)))•
by performing level and weight changes in the 2n-dimensional component, the 2-dimensional com-
ponent, or both. All these changes (except at the point where the 2-dimensional representation cor-
responds to Step 12, Section 4.15, which will be explained in detail in Section 6.4) will be reversed,
meaning that after these exceptional moves, we return to the compatible system r(π)• in the 2n-
dimensional component (that is to say, π(r) = π).
To perform the level and weight changes in the 2n-dimensional component, two essential tools
will be used. In the ordinary case, we will make use of Hida families to change the weight (cf. [Ger10]).
Moreover, in the potentially diagonalisable situation, we will make use of Theorem 3.13.
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6.2 Diagram 1-Congruence of type C
Set-up: We consider a move in the 2-dimensional skeleton chain involving a type C congruence
modulo a prime p between two modular forms f1, f2. We want to construct a 2 × 2n “safe chain”
connecting (ρ(f1) ⊗ r(π))• with (ρ(f2) ⊗ r(π))•. Observe that we cannot apply (ALT-HARRIS),
since the two compatible systems are not connected at all places (above a prime different from p)
because of the change of level in the 2-dimensional component.
We will distinguish two situations: if the next link in the 2-dimensional skeleton chain is a type B
congruence, we skip this step and proceed directly to Diagram 2 (cf. Subsection 6.3). Otherwise, we
proceed as described below.
Our aim in this situation is to use Hida families to connect (ρ(f1)⊗ r(π))• with (ρ(f2)⊗ r(π))•.
In order to do this, we first need to connect r(π)with an ordinary automorphic representation. There is
a way to do this, consisting of the following steps: first, we apply Theorem 3.13 to change the weight
of π so that it has consecutive weights (0, 1, . . . , 2n − 1), and then consider it modulo a Steinberg
prime. By [Ger10], we will obtain an ordinary 2n-dimensional representation.
However, if we perform the movements described above in the 2n-dimensional component r•(π)
while leaving the 2-dimensional component ρ•(f1) unchanged, we may lose regularity. (Recall that
regularity was guaranteed because the weights of r•(π) were C0-very spread). The challenge is to
perform safe moves in both components at the same time.
Remark 6.2. Note that, in general, the tensor product of two ordinary automorphic representations
is not necessarily ordinary. However, in our situation we can ensure that we obtain an ordinary auto-
morphic representation, because we arranged the weights so that they are sufficiently spread. Indeed,
we will have that either the Hodge-Tate weights of the 2-dimensional components are separated by
a greater distance than the difference of any two of the Hodge-Tate weights of the 2n-dimensional
component (which will have Hodge type 0), or else the weights of the 2n-dimensional components are
C0-very spread. In particular, the difference between any two weights is greater than the weight of
the modular form occurring in the 2-dimensional component (a similar argument is applied inside the
proof of Theorem 2.1 in [Die12a]).
Let us call (0, j1) and (0, µ1, . . . , µ2n−1) the Hodge-Tate weights of ρp,ι(f1) and rp,ι(π), respect-
ively. We will introduce three additional links between (ρ(f1) ⊗ r(π))• and (ρ(f2) ⊗ r(π))•. We
illustrate the new chain via the following diagram. At the left column we write the weights of the
modular forms involved, and at the right column we write the weights of the 2n-dimensional auto-
morphic representations. At the left hand side of each arrow, we indicate the prime modulo which
the congruence occurs, and at the right hand side we specify which ALT will enable us to propagate
modularity from bottom to top.
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[{0, j1}, {0, µ1, . . . , µ2n−1}]
(mod p) (ALT−HARRIS)

[{0, j′1}, {0, µ1, . . . , µ2n−1}]
mod taux (ALT−PD)

[{0, j′1}, {0, 1, 2, . . . , 2n − 1}]
(mod p) (ALT−MIXED)

[{0, j1}, {0,m1, . . . ,m2n−1}]
(mod p) (ALT−MIXED)

[{0, j′1}, {0, 1, 2, . . . , 2n − 1}]
(mod taux) (ALT−PD)

[{0, j′1}, {0, µ1, . . . , µ2n−1}]
(mod p) (ALT−HARRIS)

[{0, j1}, {0, µ1, . . . , µ2n−1}]
We explain in detail each of the steps in the diagram:
1. In the first congruence, we want to raise the weight j1 to j′1 ∈ [2n, 2n + p2 − 1]. If our initial
weight j1 already belongs to this interval, we skip this congruence. Otherwise, Remark 3.10
enables us to apply Theorem 3.9 to the modular form f1 to produce another modular form f ′ of
weight j′1, such that ρp,ι(f
′) is potentially diagonalisable and connects to ρp,ι(f1) at all places
v ∤ p. The new link of the chain will be (ρ(f1) ⊗ r(π))• ∼ (ρ(f ′) ⊗ r(π))•. Note that this
link is “safe”, since from the automorphy of the right-hand side we can conclude automorphy
of the left-hand-side by using (ALT-HARRIS). Indeed, since C0 was constructed in such a way
that 2n+ p2 ≤ C0 for all p ∈ P1, the tensor product (ρ(f ′)⊗ r(π))• is regular. The rest of the
hypothesis required to apply (ALT-HARRIS) hold exactly as in the standard step (cf. Subsection
6.1).
2. In the second congruence we perform the weight change in the 2n-dimensional component to
achieve consecutive weights. First of all, we choose an auxiliary prime taux ∈ Taux. We will
make a new link in the chain via a congruence modulo this auxiliary prime. Note that, by
definition of the constant B, we have that taux < 2B, thus the residual image of rtaux,ι(π)
is adequate+. Next, we use Theorem 3.13 to produce a Hodge type 0 automorphic lift of
rtaux,ι(π), say rtaux,ι(π
(1)). Note that, by our choice of the set Taux, the prime taux is bigger
than 2n, unramified in F and all primes of F+ above it are totally split in F/F+.
The new link of the chain will be (ρ(f ′) ⊗ r(π))• ∼ (ρ(f ′) ⊗ r(π(1)))•. Note that (ALT-
PD) ensures that this link is “safe”. Indeed, the regularity of the right-hand-side holds because
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j′1 > 2n+ p
2 − 1. Besides, the 2-dimensional component is Fontaine-Laffaille at taux, and the
2n-dimensional component is potentially diagonalisable.
3. In the third congruence, we perform the level raising in the 2-dimensional component, moving
to f2. Since the weight of f2 is j1, we have to modify the weights of the 2n-dimensional
component to preserve regularity. Recall that our prime p belonged to L. Therefore it is a
Steinberg prime in the level of π. This property is preserved in π(1), since in Theorem 3.13 we
did not change the type at any other prime different from taux. Since r•(π(1)) has Hodge type
0, we have that rp,ι(π(1)) is ordinary. We can thus move it in the corresponding Hida family
and obtain a lift rp,ι(π(2)), of rp,ι(π(1)), with weights (0,m1, . . . ,m2n−1). The only condition
we need to ask to these weights is that they are sufficiently spread so that the tensor product
(ρ(f2)⊗ r(π′′))• is regular.
We will then have a congruence modulo p between ρp,ι(f ′)⊗rp,ι(π(1)) and ρp,ι(f ′)⊗rp,ι(π(2)).
In fact, one can check that the residual representations ρp,ι(f1), ρp,ι(f
′) and ρp,ι(f2) are all
equivalent (the first two by definition of f ′, and the first and third because they are linked by a
mod p congruence in the 2-dimensional skeleton chain). Thus we may freely replace ρp,ι(f ′)
by ρp,ι(f2), and we obtain a congruence mod p between ρp,ι(f ′) ⊗ rp,ι(π(1)) and ρp,ι(f2) ⊗
rp,ι(π
(2)). Note that this establishes a “safe” link: Theorem (ALT-MIXED) applies in this
situation, ensuring that if the right-hand-side is automorphic, so is the left-hand-side too.
Note that, at this point, we managed to replace ρ•(f1) by ρ•(f2). However, the 2n-dimensional
component is not the original one. The aim in the next three congruences is to undo the changes
that occurred in this component.
4. In the fourth congruence, we undo the second move in the 2n-dimensional component. Like in
the third congruence, in order to replace π(2) by π(1) and preserve regularity, we need to change
the weight in the first component, choosing (for instance) the same j′1 ∈ [2n, 2n + p2 − 1].
To produce a modular form f ′′ which has this weight and such that ρp,ι(f ′′) and ρp,ι(f2) are
connected locally at all places v ∤ p, we apply again Theorem 3.9. Thus the next link is a
congruence modulo p with (ρ(f ′′)• ⊗ r(π(1)))•. Just like in the third congruence, Theorem
(ALT-MIXED) ensures that this new link is “safe”.
5. In the fifth congruence, we undo the first move in the 2n-dimensional component, linking our
compatible system with (ρ(f ′′)⊗ r(π))• modulo taux. Like in the second step of this diagram,
the link is “safe” because of Theorem (ALT-PD).
6. Finally, we link our compatible system to (ρ(f2)⊗ r(π))• working modulo p. Theorem (ALT-
HARRIS) ensures that this last congruence is “safe”.
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6.3 Diagram 2: Congruence of type B
We turn now to the case when the move in the 2-dimensional skeleton chain involves a congruence
of type B modulo a prime p between two modular forms f, f ′. As in the previous case, we want to
construct a 2 × 2n “safe chain” connecting (ρ(f) ⊗ r(π))• with (ρ(f ′) ⊗ r(π))•. Note that in this
situation we cannot apply (ALT-HARRIS) because the 2-dimensional component of the left-hand side
is not potentially diagonalisable. Moreover, we cannot apply (ALT-MIXED) because in this situation
the components which are ordinary are the 2-dimensional, and not the higher-dimensional ones.
As noted in Remark 4.1, whenever we have a type B congruence between f and f ′ (modulo pi+1),
the preceding congruence is of type C, and f is weight 2 and Steinberg at pi+1 (with one exception
that we will consider in the next subsection). The diagram of congruences to connect (ρ(f)⊗ r(π))•
with (ρ(f ′) ⊗ r(π))• will rest on the previous congruence. Thus, if we meet a congruence of type
C followed by a congruence of type B, instead of executing Diagram 1, we perform the following
diagram, (which includes an iteration of Diagram 1 inside). The goal of these new links is to modify
the 2n-dimensional component to make it ordinary at pi+1, just before applying Diagram 1. Thus
once we finish performing Diagram 1, we will be in a position where both components are ordinary,
and we will be able to move using a Hida family. We explain in detail each of the steps.
1. In the first step we have a modular form fi of weight j1, potentially Barsotti-Tate at pi+1 (recall
that this is before the previous congruence in the chain, a type C congruence modulo pi, is
executed). What we do is a congruence modulo pi+1. If j1 ∈ [2n, 2n + p2i+1 − 1], then we can
skip this step. Otherwise, by Lemma 3.9, there exists another modular form f ′, of weight j′1 in
this interval, satisfying that ρpi+1,ι(f
′) is potentially diagonalisable and connects to ρpi+1,ι(fi)
at all primes v ∤ p. Thus the first link is a congruence modulo pi+1, between (ρ(fi)⊗r(π))• and
(ρ(f ′) ⊗ r(π))•. As in the first step of Diagram 1, this new link is “safe”, that is, automorphy
propagates from right to left.
2. We choose a prime taux ∈ Taux which has not been used before, and using Theorem 3.13, we fix
an automorphic representation π(1) of Hodge type 0, potentially diagonalisable at taux, which
is an automorphic lift of rtaux,ι(π). So at this step we have a congruence modulo taux between
(ρ(f ′) ⊗ r(π))• and (ρ(f ′) ⊗ r(π(1)))•. Theorem (ALT-PD) guarantees that this new link is
“safe”. This step ensures us that the second component will be ordinary at pi+1.
3. In this step we want to replace f ′ by our original modular form fi, while obtaining an ordinary
automorphic representation in the second component. We can do this by looking modulo pi+1,
since ρpi+1,ι(fi) is congruent to ρpi+1,ι(f
′) modulo pi+1, and rpi+1,ι(π
′) is ordinary. However,
we do not want to lose regularity, hence we move in the corresponding Hida family and choose
a member rpi+1,ι(π
(2)) with weights (0, m˜1, . . . , m˜2n−1) in such a way that they are C0-very
spread. Thus, we consider the link (ρ(f ′) ⊗ r(π(1)))• ∼ (ρ(fi) ⊗ r(π(2)))•. The “safety” of
this link is guaranteed exactly as in Step 3 of Diagram 1.
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[{0, j1}, {0, µ1, . . . , µ2n−1}]
(mod pi+1) (ALT−HARRIS)

[{0, j′1}, {0, µ1, . . . , µ2n−1}]
mod taux (ALT−PD)

[{0, j′1}, {0, 1, 2, . . . , 2n − 1}]
(mod pi+1) (ALT−MIXED)

[{0, j1}, {0, m˜1, . . . , m˜2n−1}]
onmlhijkDIAGRAM 1

[{0, 1}, {0, m˜1 , . . . , m˜2n−1}]
(mod pi+1) (ALT−ORD)

[{0, j2}, {0, m˜1, . . . , m˜2n−1}]
mod pi+1 (ALT−MIXED)

[{0, j′2}, {0, 1, . . . , 2n − 1}]
mod taux (ALT−PD)

[{0, j′2}, {0, µ1, . . . , µ2n−1}]
mod pi+1 (ALT−HARRIS)

[{0, j2}, {0, µ1, . . . , µ2n−1}]
4. The next step is an application of Diagram 1 to the modular form fi and the automorphic
representation π(2). This enables us to perform the type C congruence modulo pi in the 2-
dimensional skeleton chain, thus linking (ρ(fi)⊗ r(π(2)))• with (ρ(fi+1)⊗ r(π(2)))•.
5. Now we will devote our attention to the next step in the 2-dimensional skeleton chain, namely
the type B congruence. Thanks to the preceeding steps, the situation is the following: on
the 2-dimensional component we have a weight-2 modular form fi+1, which is both poten-
tially diagonalisable at pi and Steinberg at pi+1. On the 2n-dimensional component we have
an automorphic representation π(2), such that rpi+1,ι(π
(2)) is ordinary. In this step we link
(ρ(fi+1) ⊗ r(π(2)))• to (ρ(fi+2) ⊗ r(π(2)))• via a congruence modulo pi+1. The “safety” of
this link is guaranteed by (ALT-ORD). Note that, by Remark 6.2, both sides of the congruence
are ordinary at pi+1.
6. The purpose of the remaining steps is to undo the changes we did in the 2n-component, in
order to obtain back the compatible system r•(π). Thus, we need to invert the moves we
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made in the first three steps of this diagram, without reverting the moves in the 2-dimensional
component. In order to do this, we will need to pass to Hodge type 0 in the 2n-dimensional
component. Therefore, we need to modify the weights of fi+2 to preserve regularity. Thus,
applying Theorem 3.9, we produce a modular form f ′i+2, such that ρpi+1,ι(f
′
i+2) is congruent
to ρpi+1,ι(fi+2), and satisfying that its weight belongs to [2n, 2n + p
2
i+1 − 1]. (if the weight
of fi+2 belongs already to this interval, we skip this step). Moreover, note that by definition
of π(2), it holds that rpi+1,ι(π
(2)) is congruent to rpi+1,ι(π
(1)) modulo pi+1. Thus we may link
(ρ(fi+2) ⊗ r(π(2)))• to (ρ(f ′i+2) ⊗ r(π(1)))• via a congruence modulo pi+1. The “safety” of
this new link is ensured by (ALT-MIXED).
7. Next, we pick the same prime taux that we used in step 2 of this diagram. Note that rtaux,ι(π
(1))
is congruent to rtaux,ι(π). Thus we may link (ρ(f
′
i+2)⊗ r(π(1)))• with (ρ(f ′i+2)⊗ r(π))• via
a congruence modulo taux. This link is “safe” because Theorem (ALT-PD) applies, exactly as
in step 2 of Diagram 1.
8. Finally, we link (ρ(f ′i+2) ⊗ r(π))• to (ρ(fi+2) ⊗ r(π))• through a congruence modulo pi+1.
As in the first step of Diagram 1, one can check that this link is “safe”, thus completing the
diagram.
6.4 Diagram 3
In this subsection we address the last type-B congruence of the 2-dimensional skeleton chain, the one
appearing in Step 12 (see Section 4.15). The essential peculiarity of this congruence is that, unlike all
other congruences of type B, it is not preceded by a type C congruence. Therefore, we cannot apply
Diagram 2 directly to it, and we are forced to devise a special diagram for this one step.
Recall (cf. Section 4) that, as input for this link, we have a modular form f = g5 ∈ S44(Γ1(17)),
and through a congruence modulo p = 43, it is linked to a modular form g4 ∈ S2(Γ1(17 · 43)). The
modular form f is crystalline and ordinary at p = 43, whereas g4 is ordinary (Steinberg) at 43. We
want to pass to a Hodge type 0 lift of r43,ι(π) corresponding to an ordinary automorphic representation
π which is ordinary at 43. As before, we have to be careful with the 2-dimensional component in order
not to lose regularity. We perform the usual tricks.
1. In the first step, we modify the weight of f so that it is contained in the interval [2n, 2n+432−1].
If n ≤ 22, we may skip this step. In order to perform this weight change, we first apply Theorem
3.9 to produce a modular form f ′ such that ρ43,ι(f) and ρ43,ι(f ′) are congruent modulo 43. We
may thus link (ρ(f) ⊗ r(π))• with (ρ(f ′) ⊗ r(π))•. As in the first step of Diagram 1, (ALT-
HARRIS) ensures that this link is “safe”.
2. Next we choose a prime taux ∈ Taux which has not yet been used. We may then link (ρ(f ′) ⊗
r(π))• with (ρ(f ′) ⊗ r(π(1)))•, where π(1) is an automorphic representation of Hodge type 0,
whose existence is guaranteed by Theorem 3.13. As in the second step of Diagram 2, this link
is “safe” because (ALT-PD) applies.
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3. The last step consists of a congruence modulo 43, where we link (ρ(f ′) ⊗ r(π(1)))• with
(ρ(g4) ⊗ r(π(2)))•, where π(2) is a member in the Hida family at 43 containing π(1) with C0-
very spread weights {0, k̂, 2k̂, (2n− 1)k̂} for the number k̂ fixed at the beginning of Section 5.
In this case, Theorem (ALT-ORD) ensures that this link is “safe”.
[{0, 44}, {0, µ1 , . . . , µ2n−1}]
(mod 43) (ALT−HARRIS)

[{0, j′1}, {0, µ1, . . . , µ2n−1}]
mod taux (ALT−PD)

[{0, j′1}, {0, 1, 2, . . . , 2n − 1}]
(mod 43) (ALT−ORD)

[{0, 1}, {0, k̂, 2k̂, . . . , (2n − 1)k̂}]
Remark 6.3. Note that, at this step, we cannot undo the changes we did in the 2n-dimensional
component without reversing the changes in the 2-dimensional component. Hence, after performing
this step, we will work with a different automorphic representation π(2) instead of π. However, this
will not affect our reasoning; in particular, automorphy will still be propagated from right to left. Let
us expand on this point.
1. The weights of π(2) are {0, k̂, . . . , (2n − 1)k̂}. Since k̂ > 2C0, they are C0-very spread.
Furthermore, by the definition ofB, it holds that (2n−1)k̂ < B, thus for all primes taux ∈ Taux,
the representation rtaux,ι(π
(2)) is Fontaine-Laffaille locally at the primes above taux.
2. The level of π(2) differs from the level of π at most at the primes 43 and taux ∈ Taux. Since
the inequality taux < 2B is satisfied, the good monomial prime for π is also a good monomial
prime for π(2) (cf. Remark 5.11). However, the prime 43 is no longer a prime of Steinberg type
for π(2). Fortunately, this is of no consequence for us, since in the three remaining congruences
of the skeleton chain, we do not use the prime 43 at all (more precisely, we perform congruences
modulo 17, 3 and finally mod 13).
6.5 Conclusion
After performing the three Preliminary Steps described in Section 5, and after following the algorithm
described in this section which allows us to move along the safe chain of 2-dimensional representa-
tions in a way that ensures that, for the tensor product, a suitable ALT can be applied from right to left,
we conclude that the automorphy of the tensor product containing the CM form fh (which follows
from solvable base change, as explained at the beginning of this section) implies automorphy of the
original tensor product. A priori, this is only deduced over a suitable solvable number field F , the
CM field where the last automorphic form appearing in the chain is defined; but a final application of
solvable base change allows us to conclude automorphy over Q. This proves Theorem 1.1.
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